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Abstract

A foundational principle in nonlinear dynamics is that the structure of a dynamical system
can be recovered from a small number of generic measurements or coordinates. We develop an
analogous principle for the identification of dynamic models for time series with noise, which
builds on previous identification results for noiseless dynamical systems. The noise is allowed to be
non-iid, non-Gaussian, and dependent on the state. Our results cover noisily observed differential
equations and discrete-time dynamical systems, as well as stochastic models with process noise.
We illustrate the utility of this identification principle using a Lorenz-63 model and a Hénon map

model, both with observational noise.

s I. INTRODUCTION

o Since Packard et al. [1], one aim of nonlinear dynamics has been to recover the attractors
10 of deterministic dynamical systems from time series of a single observable function of the
u state. Long before that, time series analysts had long practiced predicting the next obser-
12 vation from a vector of delayed values of the observable, and it was intuitively plausible
13 that adding more delayed values would give more information about the state, and so about
1 future observations. What made “geometry from a time series” or “state space reconstruc-
15 tion” into both a research program and a practical tool was the proof by Takens [2] that,
16 when the state had a finite dimension, it could be reconstructed exactly, up to a smooth
17 change of coordinates, by a finite number of delayed observations, at most 2d + 1 when the
18 state has d dimensions. Or, rather, all of this is true for “typical” or “generic” choices of the
19 observable and delay.

0 “Geometry from a time series” only allows one to reconstruct the unobserved state up to a
21 smooth change of coordinates. As such, it cannot support inferences about specific functional
2 forms for the underlying dynamics, or for numerical parameters describing those dynamics.
23 On the other hand, scientists increasingly express their dynamical ideas as models with
2 very specific functional forms, with a variety of physically-meaningful but a priori unknown
2 parameters. For the models to be useful, those parameters must be estimated from datal3].

s A logically prior question to estimation, however, is whether the parameters of the model
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a7 can be inferred from the data available, i.e., whether the observed data contain any informa-
28 tion about the parameters at all. This is what statisticians call “parameter identification”,
2 or just “identification”[4]. Speaking loosely (we are more precise below), the parameter
s vector 6 is identified by the random vector X when differences in 6 imply differences in the
a distribution of the random variable: 6 # 60y only if p(x;60;) # p(z;0,) for at least some z.
32 When a model is un-identified, there are at least two parameter vectors which lead to exactly
33 the same distribution, hence no conceivable data analysis can distinguish those parameters.
s Most computational models advanced in scientific practice would be identified, if we could
35 observe the full state of the system[5]; we should, of course, be so lucky.

s Our main result here is two-fold. First, for a large class of dynamical systems observed
s through stochastic noise, a p-dimensional vector of parameters can be identified through
s the distribution of 2p 4+ 1 generic functions of observables, or “features”[6]. In fact, there is
30 generically a diffeomorphism between the parameter space and the expectation values of those
w0 features. We may actually chose the features randomly, from a fixed, data-independent dis-
s tribution over a suitably-rich class of basis functions, e.g., Fourier basis functions for vector-
2 valued processes. We show all this by adapting results from the state-space reconstruction
s literature, especially the fractal Whitney embedding prevalence theorem from Sauer et al.
a0 [7]. Second, because of that diffeomorphism, and because the full distribution of those
15 observables is not required for identification, we can construct practical estimation proce-
s dures for inferring the parameters from time series data, either in the long-time (“ergodic”)
s limit for stationary or asymptotically-mean-stationary processes, or in the dense-sampling

s (“in-fill”) limit for nonstationary processes.

49 A. Related work

o Asmentioned, the “geometry from a time series” program traces back to Packard et al. [1].
s1 This initiated the procedure of forming vectors from finitely many delayed values of a scalar
s2 signal, producing what is now called a time-delay embedding, and analyzing the resulting
s3 time-delay embedding space. Takens [2] established that using 2d + 1 delays yields a time-
s« delay embedding space that is topologically equivalent to the original d-dimensional state
ss space. The number of required delays can be smaller in many cases, with sharper bounds

ss depending on the box-counting dimension of the attractor [7]. Time-delay embeddings
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s7 became a major source of inspiration for later works in nonlinear dynamics; see Kantz and
ss Schreiber [8] for a comprehensive overview.

59 The Takens [2] embedding theorem has been extended in several directions. Sauer et al.
e [7] show that almost every time-delay map is an embedding. Similarly, Baranski et al.
o [9] show that the time-delay map formed by a polynomial perturbation of a given locally
e Lipschitz observation function is almost surely an embedding. Stark et al. [10, 11] extend
63 the Takens [2] embedding theorem to forced systems and stochastic systems. Casdagli et al.
64 [12] use statistical methods to account for the effect of iid observational noise on the state
65 space reconstruction. Recently, Botvinick-Greenhouse et al. [13] established a measure-
ss theoretic generalization using optimal transport theory. These results all trace back to the
or classical Whitney [14] embedding theorem from differential topology.

¢ Related results also appear in parameter identification and observability. Aeyels [15, 16]
so proved that the observability of a d-dimensional dynamical system can be achieved by taking
70 2d + 1 exact measurements at random times. For analytically parametrized dynamical
n systems, Sontag [17] proved that 2p + 1 generic experiments are sufficient to distinguish
2 between distinct p-dimensional parameter values. However, these results, unlike ours, are

73 restricted to dynamical systems without noise.

= II. RESULTS

s A. Genericity

7 To begin, we state the five genericity axioms introduced by Yorke and Ott [18]. For a

77 topological vector space V', we desire that a definition of “generic” satisfies the following:
7z 1. A generic subset of V is dense in V.

7 2. If F D F and FE is generic, then F' is generic.

so 3. A countable intersection of generic sets is generic.

s1 4. Every translate of a generic set is generic.

&2 5. A subset E of finite-dimensional Euclidean space is generic if and only if F is a set of

8 full Lebesgue measure.
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FIG. 1. The same k = 2p 4+ 1 = 3 random features ¢ = (@1, 2, ¢3) as in Eq. (1) identify every
parameter value in both the Gaussian distribution model and the Lorenz-63 model.

(a) Let (Xt(r)(u));f:l, s =10, be Xt(r)(u) id N((, 2,137, (1,1,1)T), r =1,...,s. The plot shows
s go(Xt(T) (1)) as a function of the mean parameter p. Color denotes p € [—2,0].

(b) Let (Xt(r) (p))i_y, s = 10, be the noisily observed Lorenz-63 model as in Eq. (17) at time

T = 1 with fixed parameter values o = 10, 3 = 8/3, and A() = \2) = X(®) = 1. The plot shows

s go(Xt(r) (p)) as a function of the Rayleigh number p. Color denotes p € [99, 114].

sa  The topological notion of genericity uses residual sets, which are countable intersections of
es open, dense sets. By the Baire category theorem, residual subsets of Baire spaces are dense.
ss However, the topological notion of genericity does not satisfy Axiom 5 because the Lebesgue
&7 measure of these residual sets can be zero. Thus, we would like to use a measure-theoretic
ss notion of genericity.

s Unfortunately, the notion of “probability one” in finite-dimensional spaces does not ex-
o tend in a canonical way to infinite-dimensional spaces. Thus, since the space of all smooth
o1 maps is an infinite-dimensional space, it is difficult to assert that “almost every” smooth
2 map has a given property; see Sauer et al. [7] and Hunt et al. [19] for more discussion. To
o3 formalize the notion that “almost every” map has a property, we use the idea of prevalence

o from Yorke and Ott [18].

s Definition 1 (Prevalence [18]). Let V' be a completely metrizable topological vector space.

s A Borel set £ C V is said to be prevalent if there exists a Borel measure p on V' such that:



o 1. 0 < p(C) < oo for some compact subset C' of V.
¢ 2. Theset E+wv has full g-measure (complement of £ +v has measure zero) for allv € V.

w If F C V contains a prevalent Borel set, then it is common to say that “almost every”
1o element of V' lies in E.
0 Next, we state a classical embedding result for smooth maps from Sauer et al. [7], which

102 involves the notion of an immersion.

103 Definition 2 (Immersion [20]). A smooth map ® : RP — R* is an immersion at 6 € R? if

104 its differential map Dy® at € is injective from RP to R*.

s The following result establishes that “almost every” smooth map (in the sense of preva-

106 lence from Definition 1) from R? to R*, k& > 2p + 1, has the following properties.

17 Theorem 1 (Fractal Whitney Embedding Prevalence Theorem [7]). Let © be a compact
ws subset of RP of box-counting dimension p', and let k be an integer greater than 2p’. For

e almost every smooth map ® : RP — R¥:
mw 1. ® is one-to-one on O.

m 2. @ is an immersion on each compact subset of a smooth manifold contained in ©.

112 B. Setting and notation

s For a vector z € R?, denote the (¢ norm by [|z[|, and the Euclidean norm by [|z]| = [|z||,.
ne For a random vector X with distribution depending on ¢ € ©, || X| 4 = (Eo X9,
us where Ey(-) denotes expectation with respect to this #-dependent distribution. For any
us natural number j € N, denote [j] = {1,2,...,5}. For a sequence of random vectors X,
uwr t = 1,...,n, each taking values in R%, we denote a subsequence as X;,.1, = (X, ..., Xs,) |,
ns which takes values in Rt2=11¥Uxd for some t,t5 € [n]. For real numbers x,y € R, denote
e £ Ay = min(z,y) and z Vy = max(z,y).

120 We observe bes, t = 1,...,n, taking values in R? for some dimension d € N. The
121 observed sequence is assumed to come from a known parametric model with an unknown
122 p-dimensional parameter vector §y € © C RP, p € N. At any value of 6, we can simulate

123 s € N realizations of a time series (X 1(2(9))%[8] of length n. To refer to the i-th dimension of
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124 the r-th realization, we use the notation X 1(72(1) When we do not need to refer to a particular

125 realization or dimension, we drop the corresponding superscript.

126 C. Random Fourier features

12z We aim to estimate the p-dimensional parameter vector 6, by matching the values of
128 2p + 1 random features of the simulated and observed data. We randomly draw k = 2p + 1
120 functions ¢, ..., ¢k from a distribution D over a suitably nice function class F, where each
150 function ; : R™FD*4 5 R takes a length m + 1 subsequence of the d-dimensional time
w1 series as input. The number of lags m is chosen based on the dynamics of the model, e.g.,

132 set m = m* for an order m* Markov process.

s Let @1,..., T,y be vectors in RY and denote © = (zy,...,2pmp1)! € RTDXA Define
m—+1
QOZ(.T) = COS <Z Qi’j * Xy + @i) ) (1)
j=1
132 where €); iri\(ii]\f(O,[d) and S U(—m,m) fori=1,...,kand j=1,...,m+ 1. Denote
(P:<801>---790k)7 (2)
so that ¢ : R"tDxd 4 RE Define the i-th random feature at time t = m +1,...,n as

= (X, S0 = e (X000))
135 and write all random features at time ¢ as

tObS _ ( tc:li)s7 o tc:zs) 7 ft(r)(é)) = < t(,q)(e)’ ceey t(,;)(9)> : (3)

s D. Identification of stationary dynamic models

17 For processes with meaningful stationary distributions, we consider the average of the ran-
138 dom features over time. The following time-average estimator was studied in our companion
10 paper [21], and was shown to be consistent under additional assumptions, e.g., decaying
10 temporal dependence. In general, different estimators and random features may be used.

w In this setting, as n grows, we observe the process further into the future. Define

Fobs: 1 Z ftObS7 Fwsim(e) _ 1 Z J?tsim(g)’ <4>

n—m
t=m-+1 t=m-+1



w2 where f™m(0) = 370, £7)(8). The time-average estimator is defined as

0™ = argmin ||Q(0)
0co

, ()

13 where the empirical discrepancy function is given by
QEA(Q) _ Fobs . Fsim(e)' (6)

s Any suitable optimization procedure may be used to find the minimizer of HQEA() H

T
s Denote by Pe(;) the distribution of [Xt(i)m(ﬁ), ., X70)| , where m is from Eq. (2). We
us require the average of the distributions (Pe(;))teN over time to converge weakly to a limiting

w7 distribution Py, uniformly over 6 € ©. This allows us to randomly initialize the model, so

us that the method can handle dynamical systems with unknown initial values.

Assumption 1. For all § € O, there exists a limiting distribution Py such that, for all

r=20,1,...,s, we have, as n — o0,

/ o) dBS) () — / o) dPy(z)| = 0,
R(m+1)xd

sup
0O R(m+1)xd
ws for all continuous, bounded functions ¢ : RmTD*d 5 R where Pe(l) = n}m Zf:mH Pe(?-

150 We introduce the mapping ® : R? — R*, whose restriction to © is given by

D|o(0) = /RWH)M o(x)dPy(z), 6 € 0. (7)

151 The limiting expectation values of the random features coincide with ® restricted to ©.
12 Next, we impose conditions so Theorem 1 can be applied, and that, for “generic” choices

153 of the random features, ® is C?, &' exists, and 7! is also C'. Let P (R(D*4) be the

154 space of probability measures on R(m+1)xd,

155 Assumption 2. The following conditions hold:
156 1. © is a compact subset of RP with non-empty interior.
57 2. The map 0 — Py is a bijection.

1583 3. For some open set O D O, the map 0 — Py admits an extensionp : O — P (R(m+1)Xd)

150 that is Fréchet Ct on O with respect to the total variation norm.
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1o In other words, there exists an open set O C RP with ®© C O and a map p : O —
10 P (ROVD*D) “such that p(d) = Py for all # € ©. Furthermore, p is Fréchet C' on O
12 with respect to the total variation norm. We link p from Assumption 2 to ® through the

163 definition of the function class

c, {«p RP 5 RY | Blo(6) = / o(z) dp(0)(z), @ is C' on R\ @} |
R(m+1)xd

100 Let C =,z Cy, 80 that C consists of functions @ : R? — R* whose restrictions to O C R?
165 from Assumption 2 coincide with the expectations of the random features (i.e. with respect
166 t0 p(0),0 € O, for some p € F¥), and which admit a C! extension to the rest of R?.

1z The following result establishes that 2p + 1 random features are sufficient to identify a

16s dynamic model with a p-dimensional parameter.

1o Theorem 2. Suppose Assumptions 1-2 hold. Then the limiting expectation values of the k
o random features are Ct-smooth in the parameter values, so C C C*(RP,R¥). Furthermore,
i once k > 2p+ 1, almost every C' smooth map from RP to R¥ is one-to-one on O, and is an

2 immersion on each compact subset of a smooth manifold contained in ©.

Suppose the randomly chosen functions from Eq. (2) yield an embedding. Indeed, by
Theorem 2, they will, almost surely. Then we can distinguish parameters ¢, # 6, by look-
ing at the expectation values of the random features ®(6;) and ®(#3). In particular, the

population discrepancy function
Q™ (0) = @(6y) — ©(0),

113 corresponding to the empirical discrepancy function from Eq. (6), will be nonzero for 6 # 6.

12 E. Identification of nonstationary dynamic models

s For many nonstationary processes, e.g., ODEs with observational noise, the time-average
76 of the random features may not converge to a limiting value that uniquely identifies the
17 parameters. Hence, a local approach is required. The following rolling-window estimator
118 was studied in our companion paper [21], and was shown to be consistent.

o In this setting, as n grows, we gain an increasing number of observations related to each

180 local structure of the nonstationary process. That is,
X5 — X (t/n),  X(0) = X (t/n, ), (8)
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1 for some random vectors X0 (u), X" (u,0) that are well-defined at every rescaled time
w2 u € [0,1]. Note that X and Xt(”(e) both depend on n, although we suppress this in the
183 notation. For the technical details about the data generating mechanism from Eq. (8), see
18 the companion paper [21]. Denote the rolling averages of the random features up to time ¢
18s with window size w € N by

t

Fro LN e ) L pingg), (9)

wAt .
j=@t—w)v(m+1) j=(t—w)V(m+1)

1w where f5m(0) = 13 £7(6). The rolling-window estimator is defined as

s r=1

éRW

Q™ ()|. (10)

= argmin
9co

1e7 where the empirical discrepancy function is given by

n

> (Al + K(6)],

t=m+7+4+L
Ko(0) =2(Ap)" ([£7™ = F™(0)] - [A-t))
A= F — F (),

1
n_

Qv () =
(11)

188 and where 7 € N is an initial time-offset and L € N is a lag. We use an optimization
189 procedure to find the minimizer of ‘Q,P;W()) We select w = w,, 7 = 7,, and L = L,, as
w0 follows: the lag L,, is selected as [55log(n)?], the window size w, is selected as the integer

2
obs ‘ ’ and

il 1 3 e . . n obs
w01 within [n2,n1] that minimizes the sum of squared distances Y, ., || F2% — f;

102 the offset is selected as 7, = w,,.

~ - T
w3 For all rescaled times u € [0, 1], let Py, be the distribution of [Xt_m(u, 0),..., X (u, 0)} ,
10s which does not depend on the simulation index r. We introduce mappings ®,, : R? — R*,

s u € [0, 1], whose restrictions to © satisfy

By o) = /R L pla)dR ) (12)

s The expectation values of the random features at the rescaled time u € [0, 1] coincide with
17 ®, restricted to the parameter space ©.

we  Typically, it is not possible to embed © into R¥ using ®, at a particular rescaled time
wo u € [0,1]. This is because we may have Py, , = Py, ,, for two different parameters 6, # 6,.

200 The following reparametrization assumption is needed.
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Assumption 3. For all u € [0,1], there exists a Lipschitz mapping g, : © — O. defined by
9u(0) = 0, where ©, = {g.(0) : 0 € O} is a subset of R? for some p € N, and there exists a
reparametrization such that

X! (u,0,) = X,(u,0).

5 - _ ~ T
21 Let P , be the distribution of [X{fm(u,ﬁu), . ,X{(u,&u)] . We introduce mappings

22 @, : R? — R* whose restrictions to ©, satisfy
Blo, )= [ pla)dBy () (13
R(m+1)xd

203 The local expectations of the random features are Ci)u(éu), 9~u € @u Next, we impose con-
204 ditions so that Theorem 1 may be applied at each rescaled time u € [0, 1]. Let P (R(m“)Xd)

20 be the space of probability measures on R+Dxd,

206 Assumption 4. The following conditions hold for all rescaled times u € [0, 1]:

w7 1. O, is a compact subset of R?, and © is a compact subset of RP with non-empty interior.

2e 2. The map 0, — p(;u’u is a bijection.

200 3. For some open set O, D C:)u, the map éu — Pguu admits an extension P, : O, —

2

=
o

P (R(mH)Xd) that is Fréchet C' on O, with respect to the total variation norm.

a1 In other words, for all u € [0,1], there exists an open set O, C R? with 6, C O, and a
212 Map Py : Oy — P (R(m“)Xd) such that ﬁu(éu) = Péu,u' Also, P, is Fréchet C* on O, with
213 respect to the total variation norm. We link p,, u € [0,1], to ®,, u € [0,1], through the

214 definition of

Cuyp = {ciu ' RP — RF

i)u\éu(éu) = / go(x)df)u(éu)(x), d, is C' on R? \ C:)u} ,
R(m+1)xd

25 for w € 0,1]. Let C, = U peF Cu,p be the functions @, : R? — RF whose restrictions to
26 O, C R? from Assumption 4 coincide with the local expectations of the random features
217 with respect to f)u(éu), 6, € O,, for some p € F* and which admit a C* extension to the

218 Test of RP.

210 Theorem 3. Suppose Assumptions 3-4 hold. Then, for all u € [0,1], the local expectation

20 values of the k random features are C'-smooth in the parameter values, so C, C CHR?,RF).
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o Also, for all u € [0,1], once k > 2p+ 1, almost every C* smooth map from R? to R* is one-
22 to-one on O, and is an immersion on each compact subset of a smooth manifold contained

23 1N (:)u
20 We require that (Fp, u)uecjo1] and (P, u)ucpo,1 are sufficiently distinguishable for 6, # 0.

»s Assumption 5. For all 61,05 € O, if 01 # 0, then there exists a subset Uy, g, C [0, 1] with

26 positive Lebesgue measure such that Py, ., # Py, . for all rescaled times u € Uy, g,.

If the random features from Eq. (2) yield an embedding (by Theorem 3, they almost
surely will), then we can distinguish parameters 6; # 05 by comparing the local expectation
values of the random features ®,(6;), ®,(62) at u € Uy, 9, from Assumption 5, and the

population discrepancy function

@W@zéu%%w@wWw,

27 corresponding to the empirical discrepancy function from Eq. (11), will be nonzero for 6 # 6.

28 III. APPLICATIONS TO ATMOSPHERIC CONVECTION MODELS

20 Hénon map model. Hénon [22] introduced a discrete-time model that exhibits chaotic
230 behavior, which is a simplified model for the Poincaré section of the Lorenz-63 system [23].
an For times t = 1,...,n, the dynamical system is defined by
7V =1-a(Z2)* + 22, "
Zt(2) = bZt(i)la
22 Where Zt(l), Zt(Q) are the state variables. The unknown initial values Zél) and ZSQ) are
233 sampled from U[—0.7,0.7] and U[—0.2,0.2] distributions, respectively. The components of
2. the parameter vector are: a, which relates to the forcing or stress, and b, which relates to
235 the damping or dissipation.

26 For times t = 1,...,n, we observe a noisy version of the first coordinate
Xy = Z; + o¢y, (15)

237 where ¢, NN (0,1) and o controls the noise level. We use iid Gaussian noise to simplify the

238 exposition, but in general we allow the noise to be non-iid and non-Gaussian. We aim to
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230 estimate

apg = ].4, b() = 03, Op = 0.1.
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FIG. 2. Hénon map model. Density of parameter estimates using 2p + 1 = 7 random features.

20 Lorenz-63 model. Lorenz [23] introduced a model for atmospheric convection that

on has become a canonical example of chaotic dynamics. For time horizon T = 1, let
22 (ZM (), Z@(v), Z® (v))yeor) be defined by the system of ODEs

dzW

() = o(2(w) = 20(w)),

dz?)

() = 20 W)(p ~ 20(v)) = ZO(v), (16)

v

dz®)

() = 20(0)2 () - f79(v),
23 where ZM (v), Z@)(v), ZB)(v) are the state variables at time v € [0,T]. Z®M(v) is pro-
24 portional to the intensity of the convection, Z(®)(v) relates to the horizontal temperature
s variation, and Z®) (v) relates to the vertical temperature variation. The known initial values
xs are ZW(0) =1, Z#(0) = 1, Z®)(0) = 1. The components of the parameter vector are: o,
2.7 which relates to the Prandtl number, p, which relates to the Rayleigh number, and 3, which
28 relates to the fluid layer’s physical dimensions.

29 We assume equally spaced observations, but this is not necessary. For t = 1,...,n, we

250 observe
Xt(l) = ZW(Tt/n) + )\(1)5]51),

X® = ZO(Tt/n) + \Pe?, (17)
X® = Z2O/(Tt/n) + \Pe®
251 Where 5£1), 5752), 5§3) S N(0,1) and AW, X® A control the noise level. We aim to estimate
oo =10, po=100.5, [y =8/3,
AV =1 A\ =1, A =1,

13
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FIG. 3. Lorenz-63 model. Density of parameter estimates using 2p 4+ 1 = 13 random features.

22 IV, DISCUSSION

3 We present identification results for dynamic models with noise, which are inspired by
254 previous results in nonlinear dynamics. It should be possible to extend our identification
255 principle beyond dynamic models for time series. For example, it would be of interest to
256 extend our ideas to parametric models for spatiotemporal data and network data. In general,

257 the essential component is a class of random features for the dependence structure at hand.

s Our identification results lead to broadly applicable estimation strategies based on match-
20 ing 2p + 1 random features of the simulated and observed data. Existing simulation-based
x0 estimation approaches are costly, because they either require user-chosen summary statis-
261 tics or computationally intensive neural network training for learning summary statistics.
2 In contrast, our approach requires very little input from the user. To get standard errors, a
263 model-based bootstrap procedure can be used. In a separate manuscript, we show that the

a4 estimators are asymptotically normal, and we explain how to obtain valid confidence sets.
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265 Appendix A: Proofs
266 1. Proof of Theorem 1

267 See the proof of Theorem 2.3 in [7].

268 |:|

269 2. Proof of Theorem 2

20 The proof is a streamlined version of the proof of Theorem 2 in the companion paper [21].

on Step 1: Limiting expectations. We claim that, for all § € ©, the limiting expectation

o2 values of the k£ random features are given by

20 = [ elo)dn).

23 Observe that, for all # € © and all » € {0,1,...,s}, as n — oo, we have

= o(1), (A1)

n_lm > Ey {90 ([X}i;(e),...,X§’“>(9)]T>} — B(0)

t=m+1

274 by upper bounding the ¢5 norm |[|-|| by the ¢; norm (i.e. over the k random features) using the

275 monotonicity of norms, linearity, and applying the weak convergence from Assumption 1.

Step 2: Smoothness. We show C from Theorem 2 consists of C'-smooth functions ®.
We establish that § — ®(6) is differentiable on O from Assumption 2. For any ¢ € FF,
define

T = [ ela)duta)

which maps probability measures on R(™*1*4 to R¥. For # € O, denote the derivative

o =0 ([ e@d@@)r= [ edope)
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26 where h € RP. For all § € O, we have, as ||h| — 0,
|6 +h) — ‘I’fH) — DO(6)[h]]
@ [ Sgonsnse Llo@) dp(0 + 1)(2) = [aminxa 9(x) dP(O)(@) = faimina 0 d(DP(O)[])]]
|7, (p(6 + 1)) — T, (p(9)) - T¢<Dp<e>[‘|fblﬁ|||
| T,(p(0 + 1) — 12<9>|h|Dp<e>[h]>
@y @+ h)H—Hp<e> — Dp(O) [y

—
-~

—
=

< lple o

® |[p(¢ + h) — p(9) — Dp(O)[h]|lyy
= 17|

“ ),

2r7 by (1) the definition of @, (2) the definition of T,,, (3) the linearity of T,,, (4) upper bounding

278 by the sup norm multiplied by the total variation norm, (5) the boundedness of the random
29 Fourier features so that [|¢]| . <1, and (6) because p is Fréchet C' on O by Assumption 2.
Next, we establish the continuity of § — D®(f) on O. By Assumption 2, we know that
the map 6 — Dp(f) is continuous on O. That is, for all § € O and all € > 0, there exists a
d > 0 such that for all ¢ € O, if ||§ — #'|| < J, then
|1Dp(0) — Dp(9) ., = P |1Dp(0)[h] = Dp(0)[A]l 1y < e.
250 Observe that, for all § € O and all € > 0, there exists a § > 0 such that for all 8’ € O, if
21 [|0 — &'|| <6, then for ||D®(0) — DP(0")||, = sup ||DP(0)[h] — DP(0')[h]|| we have
1

|
P <

1D (0) — DO(O) ],

/ o d(Dp(0)) - / o d(Dp(0"))
R(m+1)xd

R(m+1)xd

<))

op

2| T,(Dp(0)) — T (Dp(®))
2|1 7,(Dp(0) — Dp(@))]],,
< llel. 1Dp(8) - DR,

< | Dp(6) — Dp(#")],,

lop
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22 by (1) the definition of D®, (2) the definition of T, (3) the linearity of T, (4) upper
263 bounding by the sup norm multiplied by the operator norm, (5) the boundedness of the
24 random Fourier features so that |l¢|, < 1, and (6) because p is Fréchet C' on O by
25 Assumption 2. Hence, the map 6 — ®(6) is C' on O. Note that the Whitney [24] extension
26 theorem ensures the existence of a C! extension to the rest of RP. Therefore, C consists of
27 C'l-smooth functions, i.e. C C C1(RP,R¥).

w8 Step 3: Embeddings. By Assumption 2, © is a compact subset of RP with non-empty
280 interior, so the box-counting dimension is p. Theorem 1 implies that, once £ > 2p + 1,
0 embeddings are prevalent in C1(©,R¥), i.e. “almost every” smooth map from R? to R* is
201 one-to-one on O and is an immersion on each compact subset of a smooth manifold contained

202 1N @

293 |:|

204 3. Proof of Theorem 3

205 The proof is a streamlined version of the proof of Theorem 5 in the companion paper [21].
206 Step 1: Local expectations. We claim that V0, € O, the local expectation values of the

207 random features are given by

éu(éu):/R( L e@)dpy @), uel0.1]

208 Observe that, for all # € O, all u € [0, 1], and all r € {0, 1,..., s}, we have

B, (0,) = E; {gp ([)?;Y;(u, 6., ..., X\, éu)r)} _E, {gp ([}?ﬁi@(u, 8),..., X" (u, 9)] T)} :

200 by using the equivalent representation from Assumption 3.

w0 Step 2: Smoothness.  To show that d,, ue [0,1], are C*-smooth in the parameter values,
;o1 analogous arguments to those used in Step 2 of the proof of Theorem 2 can be used. By
%2 Assumption 4, p, is Fréchet C' on O, (cf. Assumption 2), so the same arguments hold
s when replacing 0, ®, Py, C, O, p with 6,, @, 1591““, Cu, Ou, Pu at some u € [0,1]. We omit
04 the details due to the similarity.

ws  Step 3: Embeddings. The box-counting dimension of O, is less than or equal to p, for
s all u € [0, 1], because: (1) © has box-counting dimension p because it is a compact subset

s07 of R with non-empty interior by Assumption 4, and (2) ©,, = ¢,(©) and g, is Lipschitz by

17



308 Assumption 3. Thus, we have dim(0,,) = dim(g,(0)) < dim(©) = p. Theorem 1 implies

200 that for each rescaled time u € [0, 1] (i.e. applying the theorem at each ), once k > 2p + 1,

s10 embeddings are prevalent in C’l(C:)u, R¥). That is, “almost every” smooth map from R? to

su R is one-to-one on O, and is an immersion on each compact subset of a smooth manifold

s12 contained in O,,.
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