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Estimating dynamic models by matching random features
Michael Wieck-Sosaa and Cosma Rohilla Shalizia,1

This manuscript was compiled on July 17, 2026

Scientists increasingly express their ideas as dynamic models of
complex processes. It is often much easier to simulate these
models than to calculate the probability of their generating a
particular outcome, making likelihood-based estimation infeasible.
Existing likelihood-free approaches rely either on manually cho-
sen summary statistics or on representations learned by neural
networks. The former is error-prone and laborious, while the
latter is computationally intensive, leaving many scientists in a
difficult position. We show that the parameters of many dynamical
models can be estimated by matching a small number of random
features of the observed and simulated data. Specifically, we adapt
results from nonlinear dynamics to show that models with a p-
dimensional parameter can generically be identified from just 2p+1
random features. This leads to a simple and general estimation
strategy based on matching random features, which converges on
the true parameter values under mild regularity conditions. We
apply the methodology to discrete-time dynamical systems and
differential equations with observational noise used in ecology and
epidemiology. More broadly, our results serve as the foundation for
a class of random feature methods for simulation-based estimation
and inference.

simulation-based inference | parameter estimation | time series | nonlinear dynamics | embedding

Across scientific disciplines, dynamic models are used to describe the
mechanisms that generate natural phenomena over time. Yet the same
mechanistic detail that makes these models scientifically compelling often
places conventional likelihood-based statistical inference out of reach. In
such cases, simulation offers a way forward. Simulation-based methods assess
parameter values θ by comparing certain characteristics of the observations
with those of the synthetic data generated from the model at θ. However, it
is often unclear which characteristics should be compared and which should
be treated as noise.

Many simulation-based methods rely on carefully crafted summary statis-
tics. These summary statistics are designed to be sensitive to changes in
the parameter values and to ensure identifiability. Typically, the summary
statistics are user-chosen (1, 2) or learned (3, 4).

However, both approaches face difficulties. Manually selecting summary
statistics requires substantial problem-specific effort for scientists. On the
other hand, neural network-based methods are computationally demanding
and sensitive to implementation choices.

We propose to replace both hand-crafted and learned summary statistics
with randomly chosen functions of the data. We establish that models with
a p-dimensional parameter θ can be identified with generic choices of just
2p+1 random features. Our results suggest that simulation-based methods can
be made far more automatic through random features, without meaningfully
reducing precision.

Our approach combines classical probabilistic and statistical ideas with
modern random feature methods from machine learning (5) and embedding
results from the “geometry from a time series” literature (6). It is well-
established that probability distributions can be uniquely characterized by
the expectations they assign a sufficiently rich set of test functions. Indeed,
probabilists define convergence of distributions as the convergence of the
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expectations of all bounded, continuous functions; see
Chapter 4 of (7). The space of all test functions is too
rich to be practically useful, but it is well-understood
that there are smaller, more practical function spaces
that are still rich enough to be convergence-determining.
For distributions on Euclidean spaces, the expectations of
Fourier basis functions are convergence-determining; see
Chapter 5 of (7).

Our first innovation is to realize that a parametric
model can only produce a very limited variety of distri-
butions. Using ideas from embedding theory, we show
that the expectations of “almost any” 2p+ 1 smooth test
functions will uniquely characterize the p-dimensional
manifold of distributions produced by a model with a
p-dimensional parameter space. Our second innovation
is to realize that it is enough to pick 2p + 1 functions at
random from one of those sufficiently-rich, convergence-
determining classes. This can be done without looking at
the data, or even understanding much about the model.
The expectations of 2p + 1 randomly chosen functions
will typically characterize the p-dimensional parameter
of the model, and the mapping from expectation values
to parameter values will be smooth. Figure 1B illustrates
this in a simple example: independent and identically dis-
tributed (iid) observations from a Gaussian distribution
with unknown mean.

This, in and of itself, is a result at the level of
probability distributions and expectations, rather than
data and estimators; it is about identification, rather
than consistency. To get an actual parameter estima-
tion procedure, we need to make additional assumptions
which allow us to reliably approximate expectation values
from observations. We show this is possible in two
regimes: long-time (or ergodic) asymptotics, and dense-
sampling (or infill) asymptotics.

The first regime applies when there is a stationary
distribution, or at least an asymptotically stationary dis-
tribution. Because a stationary process is, by definition,
one where the distribution of values over time intervals
is invariant under translation, we can meaningfully speak
of the expectation value of any function. The expectation
values of the 2p+ 1 random features can then be reliably
approximated simply by taking averages of those features
over time, using classical ergodic theory and mixing
theory. Figure 1A illustrates the key steps.

The second regime applies to nonstationary processes,
precisely those where the distribution changes mean-
ingfully over time, and so the expectations of random
features also vary over time. The correct framework for
such situations is that of so-called “infill asymptotics”,
where we get more and more observations related to each
local structure of the underlying nonstationary process.
In this regime, the local expectations of the 2p+1 random
features can be reliably approximated by averages of
those features over rolling windows, which can be speci-
fied without knowledge of the data generating process.

In both regimes, we use mathematical representations
of stochastic processes as transformations of sequences of
noise inputs. Most dynamic models admit such a repre-
sentation. This can be checked by recursively expressing
each observation in terms of its past noise inputs. Ex-
amples include discrete-time dynamical systems and or-
dinary differential equations (ODEs) with observational
noise, discretized stochastic differential equations (SDEs),

(A) (B)

θ

Simulate from generative model with parameter θ

X(1)(θ) X(2)(θ) · · · X(s)(θ) Xobs

Convert to time-averaged random features via F (·)

F (X(1)(θ)) F (X(2)(θ)) · · · F (X(s)(θ)) F (Xobs)

Evaluate objective ∥F (Xobs)− 1
s

∑s
r=1 F (X(r)(θ))∥
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Fig. 1. Key steps of the time-average procedure and example with the
normal distribution.
(A) We observe a time series Xobs and simulate s replicate time series
X(r)(θ), r = 1, . . . , s, from the model, given some value for the p-
dimensional parameter θ. Each time series is converted to time-averages
of the same k = 2p + 1 random features via F(·), which yields F(Xobs)
and F(X(r)(θ)), r = 1, . . . , s. We then evaluate the objective by
calculating the Euclidean distance

∥∥F(Xobs) − 1
s

∑s

r=1
F(X(r)(θ))

∥∥.
The estimate θ̂ is obtained by minimizing this objective via optimization.
The rolling-window procedure for nonstationary time series is similar,
but it minimizes distances between rolling-window averages. See
Methods for details.
(B) Let X(r) = (X

(r)
t )n

t=1, where X
(r)
t

iid∼ N(µ, 1), for t = 1, . . . , n ≡
1,000, r = 1, . . . , s ≡ 10. The plot shows 1

s

∑s

r=1
F(X(r)(θ)) as a

function of the mean parameter θ = µ of the normal distribution, where
color denotes the value of µ ∈ [−3, 3]. Three random features identify
each µ value, the parameter-to-feature map is smooth, and it has a
smooth inverse.

linear and nonlinear time series models, and state-space
models.

To establish the convergence of averages to the cor-
responding expectations, we require some mild, techni-
cal regularity assumptions, which say that the impact
of any single noise input must eventually decay over
time. Under certain conditions, our assumptions are
equivalent to mixing-type assumptions concerning the
decay of temporal dependence. We also require that
the distributions change smoothly with the parameter.
Under these assumptions, we provide guarantees that
our parameter estimators are “consistent” in the sense
of statistical theory, so that our estimates converge to
the true parameter values.

Applications to biological dynamic models
We apply our random feature methods to fit prototypical
ecological and epidemiological dynamic models. We
consider additional data generating processes in the Sup-
plementary Information. Each density plot is constructed
from 1,000 independent estimates of the p-dimensional
parameter using 2p + 1 random Fourier features (see
Methods) and 10 simulations per parameter value. To
be clear, each parameter estimate is based on an inde-
pendent realization of the process and an independent
draw of 2p+ 1 random features.

The experiments reported below were conducted in
Python. We optimized the objective functions using the
differential evolution solver differential_evolution
from the scipy.optimize module in the SciPy library,
although our experiments indicate that other optimizers
perform comparably. For the examples with differential
equations (ODEs), we used the Runge–Kutta 5(4) solver
RK45 from the scipy.integrate module in SciPy.
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Logistic map model. (8) popularized the logistic map as
a population model capable of producing periodic and
chaotic dynamics. For t = 1, . . . , n, define the latent state
by

Zt = ρZt−1(1 − Zt−1),

where the unknown initial value Z0 is sampled from a
U [0, 1] distribution. We observe

Xt = Zt + σεt,

where each εt
iid∼ N(0, 1). Our goal is to estimate

ρ0 = 3.9, σ0 = 0.1.

The logistic map is in a chaotic regime when ρ = 3.9;
see (9) for more details.
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Fig. 2. Logistic map model. Density of parameter estimates using
2p + 1 = 5 random features.

SIR model. (10) introduced the susceptible-infected-
recovered (SIR) model to describe the dynamics of in-
fectious disease transmission. For time horizon T = 50,
let (S(v), I(v), R(v))v∈[0,T ] be defined by the system of
ODEs

dS

dv
(v) = − β

N
S(v) I(v),

dI

dv
(v) = β

N
S(v) I(v) − γI(v),

dR

dv
(v) = γI(v),

where S(v)/N , I(v)/N , and R(v)/N denote the fractions
of the population that are susceptible, infected, and
recovered at time v ∈ [0, T ], respectively, β > 0 is the
transmission rate, and γ > 0 is the recovery rate. Let the
known initial values be S(0) = 980,000, I(0) = 20,000,
R(0) = 0, where the number of individuals is N =
S(0) + I(0) +R(0) = 1,000,000.

For t = 1, . . . , n, we randomly test TEt = bN/100c
people using a test with sensitivity SEt = 0.95 and
specificity SPt = 0.99. We observe the proportion of
positive tests

Xt = Zt/TEt,

Zt ∼ Binomial (TEt, πt) ,
πt = SEtI(Tt/n)/N + (1 − SPt) (1 − I(Tt/n)/N) .

This model allows TEt, SEt, and SPt to change over time
t, although we keep them constant for simplicity. We aim
to estimate

β0 = 0.5, γ0 = 0.2.
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Fig. 3. SIR model. Density of parameter estimates using 2p + 1 = 5
random features.

Lotka–Volterra model. (11, 12) introduced a model to
describe predator–prey population dynamics. For time
horizon T = 20, let (Z(1)(v), Z(2)(v))v∈[0,T ] be defined by
the system of ODEs

dZ(1)

dv
(v) = αZ(1)(v) − βZ(1)(v)Z(2)(v),

dZ(2)

dv
(v) = δZ(1)(v)Z(2)(v) − γZ(2)(v),

where Z(1)(v) and Z(2)(v) represent the prey and preda-
tor population densities (i.e. the number of individuals
per unit area) at time v ∈ [0, T ], respectively. The known
initial values are Z(1)(0) = 21 and Z(2)(0) = 9. The
components of the parameter are the prey growth rate
α > 0, predation rate β > 0, predator growth rate δ > 0,
and predator death rate γ > 0. For t = 1, . . . , n, we
observe

X
(1)
t = Z(1)(Tt/n) + σ(1)ε

(1)
t ,

X
(2)
t = Z(2)(Tt/n) + σ(2)ε

(2)
t ,

where each ε
(1)
t , ε

(2)
t

iid∼ N(0, 1) and σ(1), σ(2) control the
noise level. We aim to estimate

α0 = 0.8, β0 = 0.08, δ0 = 0.06,

γ0 = 1.2, σ
(1)
0 = 0.13, σ

(2)
0 = 0.19.
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Fig. 4. Lotka–Volterra model. Density of parameter estimates using
2p + 1 = 13 random features.

Discussion
We present an alternative to the existing paradigms
for simulation-based estimation. Typically, simulation-
based methods rely on user-chosen summary statistics or
on neural network-based learned representations. Both
approaches have large costs. In contrast, we reduce
the problem of estimating a p-dimensional parameter to
the problem of matching 2p + 1 random features of the
observed and simulated data. We propose two random
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feature estimators, and we prove that they are consistent
for asymptotically stationary and generally nonstationary
dynamic models, respectively.

The principle of matching random features is applica-
ble beyond dynamic models for time series data. This
suggests a broader research program on random feature
methods for various data types, including spatiotempo-
ral, network, point process, and functional data. The
key technical ingredients are: concentration inequalities
under dependence, control of the variation of the data-
generating mechanism (e.g., over space and time), and
a suitable class of random features for the dependence
structure.

Random features may also be used for uncertainty
quantification. For example, measures of uncertainty
may be obtained using a model-based bootstrap proce-
dure. That is, one first estimates the parameter, then
simulates datasets from the fitted model and re-estimates
the parameter based on each simulated dataset, then
finally calculates the empirical standard deviation or
variance-covariance matrix of the re-estimates. Addition-
ally, in a separate manuscript, we establish the asymp-
totic normality of the random feature estimators under a
slightly stronger set of assumptions, i.e. after appropriate
rescaling, their deviations from the true parameter values
converge to a mean-zero Gaussian distribution. Simula-
tion results concerning uncertainty quantification will be
reported in that manuscript.

The Supplementary Information contains the assump-
tions, theoretical results, proofs, and technical lemmata.
It also includes additional simulation results. Further, a
selective review of related literature is provided.

Methods
In this section, we introduce the notation, setting, ran-
dom features, and estimators.

Notation and setting. We observe a time series Xobs
t , t =

1, . . . , n, taking values in Rd for some fixed dimension d ∈
N. The observed time series is assumed to arise from a
known generative model with an unknown p-dimensional
parameter θ0 ∈ Θ ⊂ Rp, p ∈ N. Each value of θ ∈ Θ
determines a law of a stochastic process. For any value
of θ, we can use the generative model to simulate s ∈ N
realizations of a length n time series (X(r)

1:n(θ))r∈[s]. When
we do not need to refer to a particular realization, we drop
the superscript.

Notation: For real numbers x, y ∈ R, denote x∧ y =
min(x, y) and x ∨ y = max(x, y). For a vector x ∈ Rd,
denote the ℓp norm by ‖x‖p and the Euclidean norm
by ‖x‖ = ‖x‖2. For a random vector X with distri-
bution depending on θ ∈ Θ, ‖X‖Lq(θ) = (Eθ ‖X‖q)1/q,
where Eθ(·) denotes expectation with respect to this θ-
dependent distribution. For any natural number j ∈ N,
denote [j] = {1, 2, . . . , j}. For a sequence of random
vectors Xt, t = 1, . . . , n, each taking values in Rd, we
denote a subsequence as Xt1:t2 = (Xt1 , . . . , Xt2)>, which
takes values in R(t2−t1+1)×d for some t1, t2 ∈ [n].

Random Fourier features. The central idea is that we should
estimate the p-dimensional parameter θ0 by matching
the values of a small number of random features of the

simulated and observed data. Consider k = 2p + 1
randomly drawn functions φ1, . . . , φk from a distribution
D over a suitably nice function class F . The k functions
should be sampled independently of one another and of
the data. Each function φi : R(m+1)×d −→ R takes as
input a length m + 1 subsequence of the d-dimensional
time series, where m is chosen based on the dynamics of
the generative model. For instance, if the model is an
order m∗ Markov process, then set m = m∗.

Let x1, . . . , xm+1 be vectors in Rd, and define x =
(x1, . . . , xm+1)> ∈ R(m+1)×d. Here we focus on random
Fourier features, though our framework can be used
with different random features. Specifically, we consider
random Fourier features of the form

φi(x) = cos

m+1∑
j=1

Ωi,j · xj + αi

 , [1]

where Ωi,j
iid∼ N(0, Id) and αi

iid∼ U(−π, π) for i = 1, . . . , k
and j = 1, . . . ,m+ 1. Denote all k of these functions by

φ = (φ1, . . . , φk), [2]

so that φ : R(m+1)×d −→ Rk. Define the i-th random
feature of the observed and r-th simulated time series at
time t = m+ 1, . . . , n as

fobs
t,i = φi(Xobs

t−m:t), f
(r)
t,i (θ) = φi

(
X

(r)
t−m:t(θ)

)
.

Similarly, write all k random features at time t as

fobs
t =

(
fobs

t,1 , . . . , f
obs
t,k

)
,

f
(r)
t (θ) =

(
f

(r)
t,1 (θ), . . . , f (r)

t,k (θ)
)
.

[3]

Estimators.

Time-average estimator. For processes that are stationary,
or at least asymptotically mean stationary, it suffices to
consider the time-average of k = 2p+ 1 random features.
Denote the time-averages of the observed and simulated
random features by

F obs = 1
n−m

n∑
t=m+1

fobs
t ,

F̄ sim(θ) = 1
n−m

n∑
t=m+1

f̄ sim
t (θ),

[4]

where f̄ sim
t (θ) = 1

s

∑s
r=1 f

(r)
t (θ). The time-average

estimator is given by

θ̂TA = argmin
θ∈Θ

∥∥∥Q̂TA
n (θ)

∥∥∥ , [5]

where the sample discrepancy function is defined as

Q̂TA
n (θ) = F obs − F̄ sim(θ). [6]

In practice, an optimization procedure is used to find the
minimizer of

∥∥∥Q̂TA
n (·)

∥∥∥.
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Rolling-window estimator. For many nonstationary pro-
cesses, a different approach is required because the time-
average of the (time-varying) expectations of the random
features may not converge to a limiting mean. Even when
it does converge, the limiting mean may not uniquely
identify each θ. Therefore, we introduce the following
rolling-window estimator.

For some window size w ∈ N, denote the rolling-
window averages of the observed and simulated random
features at time t by

F obs
t = 1

w ∧ t

t∑
j=(t−w)∨(m+1)

fobs
j ,

F̄ sim
t (θ) = 1

w ∧ t

t∑
j=(t−w)∨(m+1)

f̄ sim
j (θ),

[7]

where f̄ sim
t (θ) = 1

s

∑s
r=1 f

(r)
t (θ). The rolling-window

estimator is given by

θ̂RW = argmin
θ∈Θ

∣∣∣Q̂RW
n (θ)

∣∣∣ , [8]

where the sample discrepancy function is defined as

Q̂RW
n (θ) = 1

n−m

n∑
t=m+τ+L

[
‖∆t−L‖2 +Kt(θ)

]
,

Kt(θ) = 2 (∆t−L)> ([
fobs

t − f̄ sim
t (θ)

]
− [∆t−L]

)
,

∆t−L = F obs
t−L − F̄ sim

t−L(θ),

[9]

where τ ∈ N is an initial time-offset and L ∈ N is a lag.
An optimization procedure is used to find the minimizer
of
∣∣∣Q̂RW

n (·)
∣∣∣. We select w = wn, τ = τn, and L = Ln as

follows, so that they grow with the sample size n. The
lag Ln is selected as d 1

10 log(n)2e, the window size wn

is selected as the integer within [n 1
2 , n

3
4 ] that minimizes

the sum of squared distances
∑n

t=m+1+L

∥∥F obs
t−L − fobs

t

∥∥2,
and the offset is selected as τn = wn.
Extensions. Some extensions are possible. First, both
estimators can be generalized by replacing the Euclidean
norm with a weighted norm, using a weight matrix given
by the inverse of a suitable estimator of the long-run
covariance matrix. Second, the sample averages used
in both estimators can be replaced with different mean
estimators.

Summary of theory. We prove that both estimators are
consistent under the regularity conditions stated in the
Supplementary Information. The key idea used is the
fractal Whitney embedding prevalence theorem; see The-
orem 9.1 in (13). This result allows us to embed the p-
dimensional parameter space Θ into R2p+1 with “generic”
choices of random features. (The exact definition of
genericity is given in the Supplementary Information.)
Another important part of our analysis is the represen-
tation of stochastic processes as functions of past noise
inputs. This representation dates back to the work of (14)
and (15), although its utility for statistical inference was
first articulated by (16). Later work extended this theory
to the nonstationary setting (17–20). Our analysis builds

on ideas from this literature and may be of independent
interest.

Data, Materials, and Software Availability. The generated data that
support the findings of this study will be made publicly available
and are available to editors and referees during peer review. The
code will be made publicly available in a GitHub repository and is
available to editors and referees during peer review.
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1. Theory
In this section, we present the assumptions and theoretical results for the estimators.

1.1. Noise inputs. Let (εi)i∈Z be an iid sequence of random variables. Let
(
ε

(r)
i

)
i∈Z

, r = 0, 1, . . . , s, be iid copies of
(εi)i∈Z. Define the sequence of noise inputs up to time t as

εt = (εt, εt−1, . . .), [10]

and define ε(r)
t , r = 0, 1, . . . , s, analogously. For each time t = 1, . . . , n, we express Xobs

t and each X(r)
t (θ) as functions of

one of these noise inputs. In practice, simulations only use finitely many noise inputs. However, considering a countably
infinite sequence of noise inputs is convenient for several reasons. For instance, this allows us to accommodate sequences
of simulation models which are approximations to the true data generating process, where the approximation improves
by using a growing number of noise inputs in the burn-in period.

Let (ε∗
i )i∈Z be an iid copy of (εi)i∈Z. For t ∈ Z, j ∈ N0, define

ε̃t,j =
(
εt, . . . , εt−j+1, ε

∗
t−j , εt−j−1, . . .

)
, [11]

and define ε̃(r)
t,j , r = 0, 1, . . . , s, analogously. ε̃t,j is the sequence of noise inputs εt with the innovation from j steps in

the past, εt−j , replaced by an iid copy ε∗
t−j . Intuitively, the output of the generative model at time t changes if we

replace the noise input from j steps ago with an iid copy because the process at time t is a function of the past noise
inputs. Our central assumption is that the generative model’s current output becomes increasingly insensitive to the
j-th noise input in the past as j grows.

To formalize this, we use the physical dependence measure of (1). Under certain regularity conditions, the physical
dependence measure conditions we impose imply and are implied by β-mixing and strong mixing conditions (2, 3).

1.2. Results for time-average estimator. We state sufficient conditions for θ̂TA from Eq. (5) to be consistent. The main
result is stated in Theorem 3. In a separate paper focused on statistical inference, we establish asymptotic normality
under slightly stronger conditions, which implies a convergence rate of O(1/

√
n).

In this setting, we use long-run asymptotics. That is, n increasing corresponds to observing the process further into
the future. We allow the observed and simulated time series to be generated by approximations to a limiting data
generating process. This accommodates many settings with imperfect observations (e.g., observing residuals rather
than errors), discretization errors, unknown initial values, and growing burn-in periods.

For each t ∈ N, i ∈ N, r = 0, 1, . . . , s, the measurable mapping G(i,r)
t is from R∞ × Θ to Rd and (G(i,r)

t (εj , θ))j∈Z
is a stationary ergodic process. The observed and simulated time series may be nonstationary because the mappings
may change over time t ∈ N. Throughout, we endow R∞ with the σ-algebra generated by all finite projections. The
mapping G

(i,r)
t can be understood as an approximation to some limiting mapping G

(r)
t , where the approximation

improves as i grows and the dependence on r allows for random initial conditions. See Assumption 2 and the following
discussion for more details. The superscript may be ignored if approximations are unnecessary.
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The index n ∈ N is linked to both the approximation and the sample size.
Assumption 1. The observed and simulated time series of length n ∈ N are

Xobs
t = G

(n,0)
t (ε(0)

t , θ0), X
(r)
t (θ) = G

(n,r)
t (ε(r)

t , θ), t = 1, . . . , n, [12]

for all r = 1, . . . , s and θ ∈ Θ.

Oftentimes, we can take the observed time series to be generated by the limiting mapping, i.e. G(n,0)
t ≡ G

(0)
t for

all n ∈ N. The following assumption imposes the convergence to limiting mappings as the approximation level grows.
Note that no rate of convergence is required. We write ε0 because it has the same distribution as each εt.

Assumption 2. For each t ∈ N and r = 0, 1, . . . , s, there exists a measurable mapping G(r)
t : R∞ × Θ −→ Rd such that

(G(r)
t (εj , θ))j∈Z is a stationary ergodic process, and for some q > 2, as n −→ ∞, we have

sup
θ∈Θ

(
1
n

n∑
t=1

∥∥∥G(n,r)
t (ε0, θ) −G

(r)
t (ε0, θ)

∥∥∥
Lq(θ)

)
−→ 0.

Under Assumption 1, the k = 2p+ 1 time-averages from Eq. (4) can be written as

F obs = 1
n−m

n∑
t=m+1

φ

([
G

(n,0)
t−m (ε(0)

t−m, θ0), . . . , G(n,0)
t (ε(0)

t , θ0)
]>
)
,

F̄ sim(θ) = 1
n−m

n∑
t=m+1

[
1
s

s∑
r=1

φ

([
G

(n,r)
t−m (ε(r)

t−m, θ), . . . , G
(n,r)
t (ε(r)

t , θ)
]>
)]

.

[13]

Denote by P (r)
θ,t the distribution of

[
G

(r)
t−m(ε−m, θ), . . . , G(r)

t (ε0, θ)
]>

, where m is the number of lags in the random
features φ from Eq. (2). We impose asymptotic mean stationarity by requiring the time-average of the distributions
(P (r)

θ,t )t∈N to converge weakly to a limiting distribution Pθ which depends neither on t nor r, uniformly over θ ∈ Θ.
For example, this allows us to consider discrete-time dynamical systems with unknown initial value.
Assumption 3. For all θ ∈ Θ, there exists a limiting distribution Pθ, such that, for all r = 0, 1, . . . , s, we have, as
n −→ ∞,

sup
θ∈Θ

∣∣∣∣∫
R(m+1)×d

ϕ(x) dP̄ (r)
θ,n(x) −

∫
R(m+1)×d

ϕ(x) dPθ(x)
∣∣∣∣ −→ 0,

for all continuous, bounded functions ϕ : R(m+1)×d −→ R, where P̄ (r)
θ,n = 1

n−m

∑n
t=m+1 P

(r)
θ,t .

Next, we introduce mappings Φ : Rp −→ Rk, whose restrictions to Θ satisfy

Φ|Θ(θ) =
∫
R(m+1)×d

φ(x) dPθ(x), θ ∈ Θ. [14]

Under Assumptions 1-3, the limiting expectation values of the k = 2p+ 1 random features of the time series coincide
with Φ restricted to Θ. Roughly speaking, we would like to say that, on Θ, for “generic” choices of the k = 2p + 1
random features, we have that Φ is C1, Φ−1 exists, and Φ−1 is also C1. For more details, see the proof of Theorem 2.

(4) introduce the following genericity axioms, which serve as desiderata for a notion of “generic”. For a topological
vector space V , we desire that:

1. A generic subset of V is dense in V .

2. If F ⊃ E and E is generic, then F is generic.

3. A countable intersection of generic sets is generic.

4. Every translate of a generic set is generic.

5. A subset E of finite-dimensional Euclidean space is generic if and only if E is a set of full Lebesgue measure.
The topological notion of genericity is based on the idea of residual sets, defined as a countable intersection of open,

dense sets. The Baire category theorem states that residual subsets of Baire spaces are dense. However, the Lebesgue
measure of these residual sets can be zero; see (4) for examples. As a result, the topological notion of genericity does
not satisfy Axiom 5. Hence, it would be of interest to use a measure-theoretic notion of “generic”.

As discussed in (4–6), the difficulty with statements asserting that a property holds for “almost every” smooth map
is that the space of all smooth maps is an infinite-dimensional space. The idea of probability one in finite dimensions
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does not extend in any canonical way to infinite-dimensional spaces. Nevertheless, it is desirable to formalize the idea
that a property holds for “almost all” maps. To do this, we adopt the notion of prevalence from (4), which therein is
shown to satisfy all of the genericity axioms.
Definition 1. (Prevalence (4)). Let V be a completely metrizable topological vector space. A Borel set E ⊂ V is
said to be prevalent if there exists some Borel measure µ on V such that:

1. 0 < µ(C) < ∞ for some compact subset C of V .

2. The set E + v has full µ-measure (that is, the complement of E + v has measure zero) for all v ∈ V .

In this literature, it is common to say that, if E ⊂ V contains a prevalent Borel set, then “almost every” element
of V lies in E. In this sense, “almost every” smooth map from Rp to Rk has the following properties.
Theorem 1. (Fractal Whitney Embedding Prevalence Theorem (5)). Let Θ be a compact subset of Rp of
box-counting dimension p′, and let k be an integer greater than 2p′. For almost every C1 smooth map Φ : Rp −→ Rk:

1. Φ is one-to-one on Θ.

2. Φ is an immersion on each compact subset of a smooth manifold contained in Θ.

We impose the following conditions so that we may apply Theorem 1. Let P
(
R(m+1)×d

)
denote the space of

probability measures on R(m+1)×d.
Assumption 4. The following conditions hold:

1. Θ is a compact subset of Rp with non-empty interior.

2. The map θ 7→ Pθ is a bijection.

3. For some open set O ⊃ Θ, the map θ 7→ Pθ admits an extension p : O −→ P
(
R(m+1)×d

)
that is Fréchet C1 on O

with respect to the total variation norm.

That is, there exists an open set O ⊂ Rp with Θ ⊂ O and a map p : O −→ P
(
R(m+1)×d

)
, such that p(θ) = Pθ for

all θ ∈ Θ, and p is Fréchet C1 on O with respect to the total variation norm. We impose structure on the extension
p from Assumption 4 by linking it to Φ through the definition of the function class

Cφ =
{

Φ : Rp −→ Rk

∣∣∣∣ Φ|O(θ) =
∫
R(m+1)×d

φ(x) dp(θ)(x), Φ is C1 on Rp \ Θ
}
,

and let C =
⋃

φ∈Fk Cφ. In words, C consists of all functions Φ : Rp −→ Rk whose restriction to the open set O ⊂ Rp

from Assumption 4 coincides with the expectations of the k random features with respect to p(θ), θ ∈ O, for some
φ ∈ Fk, and which admit a C1 extension to the rest of Rp, the existence of which is ensured by the (7) extension
theorem and its generalizations.
Theorem 2. Suppose Assumptions 1-4 hold. Then the limiting expectation values of the k random features are C1-
smooth in the parameter values, so C ⊂ C1(Rp,Rk). Furthermore, once k ≥ 2p+ 1, almost every C1 smooth map from
Rp to Rk is one-to-one on Θ, and is an immersion on each compact subset of a smooth manifold contained in Θ.

To simplify the presentation of the following results, we make the assumption that the k = 2p+ 1 random features
yield such a function.
Assumption 5. The function Φ from Eq. (14) is one-to-one on Θ, and is an immersion on each compact subset of a
smooth manifold contained in Θ.

Therefore, if we knew Φ, then we could smoothly translate between the values of θ and expectations of the random
features Φ(θ).

The following stochastic equicontinuity-type assumption is useful for establishing the consistency of the estimator.
Assumption 6. For all i ∈ N, all r = 0, 1, . . . , s, and all ϵ > 0, there exists an ηG > 0 such that

sup
t∈N

E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

∥∥∥G(i,r)
t (ε0, θ) −G

(i,r)
t (ε0, θ

′)
∥∥∥
 < ηG,

with ηG −→ 0 as ϵ −→ 0, where the expectation E(·) is taken with respect to the law of the noise inputs.
The next assumption controls the temporal dependence uniformly over Θ, so that we can estimate the expectations

of the random features based on their time-averages. Specifically, we impose a uniform moment bound and a uniform
polynomial decay of the physical dependence measure of (1).
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Assumption 7. There exist Ψ > 0, β > 2 such that, for some q > 2, all j ∈ N, all i ∈ N, and all r = 0, 1, . . . , s, we
have

sup
θ∈Θ

sup
t∈N

∥∥∥G(i,r)
t (ε0, θ) −G

(i,r)
t (ε̃0,j , θ)

∥∥∥
Lq(θ)

≤ Ψ(j ∨ 1)−β ,

sup
θ∈Θ

sup
t∈N

∥∥∥G(i,r)
t (ε0, θ)

∥∥∥
Lq(θ)

≤ Ψ,

where ε̃0,j is from Eq. (11).

We now establish the consistency of the time-average estimator θ̂TA from Eq. (5).

Theorem 3. If Assumptions 1-7 hold, then θ̂TA p−→ θ0.

1.3. Results for rolling-window estimator. We present assumptions that guarantee the consistency of the rolling-window
estimator θ̂RW from Eq. (8). The main result is Theorem 6. In a separate manuscript focused on statistical inference,
we prove asymptotic normality under slightly stronger conditions, which implies a O(1/

√
n) rate of convergence.

In this section, we rescale time to the unit interval and use infill asymptotics as in the literature on locally stationary
processes by (8, 9). As n grows, an increasing number of observations related to each local structure of the process
become available. The rolling-window estimator introduced here can be used to fit models with very general forms of
nonstationarity, such as ordinary differential equations (ODEs), state-space models with covariates and control inputs,
and structural time series models with complicated trends, seasonality, change-points, and “rough” nonstationarity.

The observed and simulated time series may be generated by approximations to a limiting data generating process.
For example, this distinction allows the observed time series to be based on observed residuals rather than errors, or
to consist of imperfect observations of an exact solution of an ODE. Similarly, the simulated time series can be based
on an ODE solver with observational noise processes that have growing burn-in periods.

We represent the generative model using measurable mappings. For each u ∈ [0, 1], i ∈ N, r = 0, 1, . . . , s, the
mapping G(i,r)

u is from R∞ × Θ to Rd and (G(i,r)
u (εj , θ))j∈Z is a stationary ergodic process. The time series may be

nonstationary because the mappings may change over rescaled time u ∈ [0, 1]. The mapping G(i,r)
u is an approximation

to a limiting mapping. When an approximation is not needed, the superscript can be ignored.
The index n ∈ N is linked to the sample size and approximation.

Assumption 8. The observed and simulated time series of length n ∈ N are

Xobs
t = G

(n,0)
t/n (ε(0)

t , θ0), X
(r)
t (θ) = G

(n,r)
t/n (ε(r)

t , θ), t = 1, . . . , n, [15]

for all r = 1, . . . , s and θ ∈ Θ.

In many situations, we can take the observed time series to be generated by the limiting mapping, i.e. G(n,0)
u ≡ G

(0)
u

for all u ∈ [0, 1]. The next assumption imposes convergence to the limiting mapping, with no required convergence
rate. Note that ε0 has the same distribution as εt for all t ∈ Z.

Assumption 9. For each u ∈ [0, 1], there exists a measurable mapping Gu : R∞ × Θ −→ Rd such that (Gu(εj , θ))j∈Z
is a stationary ergodic process, and for some q > 2 and all r = 0, 1, . . . , s, as i −→ ∞, we have

sup
θ∈Θ

sup
u∈[0,1]

∥∥∥G(i,r)
u (ε0, θ) −Gu(ε0, θ)

∥∥∥
Lq(θ)

−→ 0.

Under Assumption 8, the observed and simulated rolling-window random features at time t can be written as

F obs
t = 1

w ∧ t

t∑
j=(t−w)∨(m+1)

φ

([
G

(n,0)
(j−m)/n(ε(0)

j−m, θ0), . . . , G(n,0)
j/n (ε(0)

j , θ0)
]>
)
,

F̄ sim
t (θ) = 1

w ∧ t

t∑
j=(t−w)∨(m+1)

[
1
s

s∑
r=1

φ

([
G

(n,r)
(j−m)/n(ε(r)

j−m, θ), . . . , G
(n,r)
j/n (ε(r)

j , θ)
]>
)]

.

For all u ∈ [0, 1], denote by Pθ,u the distribution of [Gu(ε−m, θ), . . . , Gu(ε0, θ)]>, where m is the number of lags
used in the random features. We introduce mappings Φu : Rp −→ Rk, u ∈ [0, 1], whose restrictions to Θ satisfy

Φu|Θ(θ) =
∫
R(m+1)×d

φ(x) dPθ,u(x). [16]
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Under Assumptions 8 and 9, the expectation values of the k = 2p + 1 random features at rescaled time u ∈ [0, 1]
coincide with Φu restricted to Θ.

Unfortunately, in general, we cannot embed Θ into Rk using Φu at one particular rescaled time u ∈ [0, 1]. To see this,
consider a family of stochastic processes defined by Xt(θ) = cos(θ2πt/n) + εt, t = 1, . . . , n, where each εt

iid∼ N(0, 1)
and θ ∈ [0, 10]. For u ∈ [0, 1] and m = 0, denote by Pθ,u the distribution of cos(θ2πu) + εt, i.e. Pθ,u = N(cos(θ2πu), 1).
Clearly, for two different parameters θ1 6= θ2, it is possible for Pθ1,u = Pθ2,u. Of course, this also occurs in more
complicated dynamic models, such as differential equations. To deal with these situations, we make the following
reparametrization assumption.
Assumption 10. For all u ∈ [0, 1], there exists a Lipschitz mapping gu : Θ −→ Θ̃u defined by gu(θ) = θ̃u where
Θ̃u = {gu(θ) : θ ∈ Θ} is a subset of Rp̃ for some p̃ ∈ N, and there exists a function G̃u : R∞ × Θ̃u −→ Rd such that

G̃u(ε0, θ̃u) = Gu(ε0, θ).

For each fixed u ∈ [0, 1], (G̃u(εj , θ̃u))j∈Z is a stationary ergodic process.
In the previous example, we may take gu(θ) = cos(θ2πu). Similar ideas apply for our experiments with the rolling-

window estimator (e.g., with ODEs). When θ 7→ Pθ,u is a bijection for all u ∈ [0, 1], we may always take gu(θ) = θ.
Going forward, let P̃θ̃u,u denote the distribution of

[
G̃u(ε−m, θ̃u), . . . , G̃u(ε0, θ̃u)

]>. Now, we introduce the mappings
Φ̃u : Rp̃ −→ Rk whose restrictions to Θ̃u satisfy

Φ̃u|Θ̃u
(θ̃u) =

∫
R(m+1)×d

φ(x) dP̃θ̃u,u(x). [17]

Under Assumptions 8-10, the limiting local expectation values at rescaled time u ∈ [0, 1] of the k = 2p + 1 random
features of the time series are given by Φ̃u(θ̃u), θ̃u ∈ Θ̃u. We would like to say that, on Θ̃u, for “generic” choices of the
k = 2p+ 1 random features, we have that Φ̃u is C1, its inverse exists, and is also C1. Again, we adopt the notion of
prevalence from Definition 1 and use the fractal Whitney embedding prevalence theorem. For convenience, we restate
the theorem here in the notation of this section.
Theorem 4. (Fractal Whitney Embedding Prevalence Theorem (5)). Let Θ̃u be a compact subset of Rp̃ of
box-counting dimension p, and let k be an integer greater than 2p. For almost every C1 smooth map Φ̃u : Rp̃ −→ Rk:

1. Φ̃u is one-to-one on Θ̃u.

2. Φ̃u is an immersion on each compact subset of a smooth manifold contained in Θ̃u.

We impose the following conditions so that we may apply Theorem 4 at each rescaled time u ∈ [0, 1]. Denote by
P
(
R(m+1)×d

)
the space of probability measures on R(m+1)×d.

Assumption 11. The following conditions hold for all rescaled times u ∈ [0, 1]:

1. Θ̃u is a compact subset of Rp̃, and Θ is a compact subset of Rp with non-empty interior.

2. The map θ̃u 7→ P̃θ̃u,u is a bijection.

3. For some open set Õu ⊃ Θ̃u, the map θ̃u 7→ P̃θ̃u,u admits an extension p̃u : Õu −→ P
(
R(m+1)×d

)
that is Fréchet

C1 on Õu with respect to the total variation norm.

That is, for all u ∈ [0, 1], there exists an open set Õu ⊂ Rp̃ with Θ̃u ⊂ Õu and a map p̃u : Õu −→ P
(
R(m+1)×d

)
, such

that p̃u(θ̃u) = P̃θ̃u,u for all θ ∈ Θ, and p̃u is Fréchet C1 on O with respect to the total variation norm. We impose
structure on these extensions p̃u, u ∈ [0, 1], by linking them to Φ̃u, u ∈ [0, 1], through the definition of the function
classes

C̃u,φ =
{

Φ̃u : Rp̃ −→ Rk

∣∣∣∣ Φ̃u|Õu
(θ̃u) =

∫
R(m+1)×d

φ(x)dp̃u(θ̃u)(x), Φ̃u is C1 on Rp̃ \ Θ̃u

}
,

for u ∈ [0, 1], and let C̃u =
⋃

φ∈Fk C̃u,φ. In words, C̃u is the collection of all functions Φ̃u : Rp̃ −→ Rk whose restriction
to the open set Õu ⊂ Rp̃ from Assumption 11 coincides with the local expectations of the k random features with
respect to p̃u(θ̃u), θ̃u ∈ Õu, for some φ ∈ Fk, and which admit a C1 extension to the rest of Rp̃, the existence of which
is ensured by the (7) extension theorem and its generalizations.
Theorem 5. Suppose Assumptions 8-11 hold. Then, for all u ∈ [0, 1], the limiting local expectation values at rescaled
time u of the k random features are C1-smooth in the parameter values, so C̃u ⊂ C1(Rp̃,Rk). Furthermore, for all
u ∈ [0, 1], once k ≥ 2p+ 1, almost every C1 smooth map from Rp̃ to Rk is one-to-one on Θ̃u, and is an immersion on
each compact subset of a smooth manifold contained in Θ̃u.
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To simplify the presentation of the results below, we make the assumption that the k = 2p + 1 random features
yield such a function.
Assumption 12. For each u ∈ [0, 1], the mapping Φ̃u from Eq. (17) is one-to-one on Θ̃u, and is an immersion on
each compact subset of a smooth manifold contained in Θ̃u.

Next, we assume that the paths of distributions (Pθ1,u)u∈[0,1], (Pθ2,u)u∈[0,1] are sufficiently distinguishable, in some
sense, for any two different parameters θ1, θ2 ∈ Θ. This is a mild condition, as we still allow Pθ1,u = Pθ2,u for all but
a measurable amount of rescaled times.
Assumption 13. For all θ1, θ2 ∈ Θ, if θ1 6= θ2, then there exists a subset Uθ1,θ2 ⊆ [0, 1] with positive Lebesgue measure
such that Pθ1,u 6= Pθ2,u for all u ∈ Uθ1,θ2 .

We have stated the core assumptions, so we may now sketch the main ideas of the proof of Theorem 6, which shows
the consistency of θ̂RW. By Assumption 13, for any two different parameters θ1, θ2 ∈ Θ, we have that Pθ1,u 6= Pθ2,u for
all u ∈ Uθ1,θ2 . Since Pθ1,u 6= Pθ2,u for all u ∈ Uθ1,θ2 , we also have that P̃gu(θ1),u 6= P̃gu(θ2),u for all u ∈ Uθ1,θ2 because
P̃gu(θ),u = Pθ,u is the distribution of

[G̃u(ε−m, gu(θ)), . . . , G̃u(ε0, gu(θ))]> = [Gu(ε−m, θ), . . . , Gu(ε0, θ)]>.

Therefore, for all u ∈ Uθ1,θ2 , we have that gu(θ1) 6= gu(θ2) because θ̃u 7→ P̃θ̃u,u is a bijection for all u ∈ [0, 1] by
Assumption 11. We also have that Φ̃u(gu(θ1)) 6= Φ̃u(gu(θ2)) for all u ∈ Uθ1,θ2 , because by Assumption 12, θ̃u 7→ Φ̃u(θ̃u)
is one-to-one for all u ∈ [0, 1]. This also implies that Φu(θ1) 6= Φu(θ2) for all u ∈ Uθ1,θ2 by the definitions of Φu and
Φ̃u from Eq. (16) and Eq. (17), respectively, because P̃gu(θ),u = Pθ,u as discussed above. Thus, if Φu were known, we
could distinguish θ1 and θ2 by looking at the expectation values of the random features Φu(θ1) and Φu(θ2) at rescaled
times u ∈ Uθ1,θ2 .

We use the following stochastic equicontinuity-type assumption to establish the consistency of the estimator.
Assumption 14. For all i ∈ N, all r = 0, 1, . . . , s, and all ϵ > 0, there exists an ηG > 0 such that

sup
u∈[0,1]

E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

∥∥∥G(i,r)
u (ε0, θ) −G(i,r)

u (ε0, θ
′)
∥∥∥2

 < ηG,

with ηG −→ 0 as ϵ −→ 0, where the expectation E(·) is taken with respect to the law of the noise inputs.
The next assumptions control the temporal dependence and nonstationarity uniformly over Θ, so that we can

estimate the expectations of the random features Φu(θ) at all u ∈ [0, 1] and θ ∈ Θ. First, we impose a uniform
moment bound and a uniform exponential decay of the physical dependence measure of (1).
Assumption 15. There exist constants ρ ∈ (0, 1), Λ > 0, such that, for some q > 2, all j ∈ N, all i ∈ N, and all
r = 0, 1, . . . , s, we have

sup
θ∈Θ

sup
u∈[0,1]

∥∥∥G(i,r)
u (ε0, θ) −G(i,r)

u (ε̃0,j , θ)
∥∥∥

Lq(θ)
≤ Λρj ,

sup
θ∈Θ

sup
u∈[0,1]

∥∥∥G(i,r)
u (ε0, θ)

∥∥∥
Lq(θ)

≤ Λ,

where ε̃0,j is from Eq. (11).
Second, we impose the following regularity condition to control the nonstationarity, which allows for smooth changes,

abrupt change-points, and “rough” nonstationarity. Define

∥∥∥(G(i,r)
u (ε0, θ)

)
u

∥∥∥
κ-var,Lq(θ)

= sup
0=u0<...<uℓ=1

ℓ∈N

 ℓ∑
j=1

∥∥∥G(i,r)
uj

(ε0, θ) −G(i,r)
uj−1

(ε0, θ)
∥∥∥κ

Lq(θ)

 1
κ

.

Assumption 16. For some q > 2, some κ ∈ [1, 4), all i ∈ N, and all r = 0, 1, . . . , s, the constant Λ > 0 from
Assumption 15 also satisfies

sup
θ∈Θ

sup
u∈[0,1]

∥∥∥G(i,r)
u (ε0, θ)

∥∥∥
Lq(θ)

+ sup
θ∈Θ

∥∥∥(G(i,r)
u (ε0, θ)

)
u

∥∥∥
κ-var,Lq(θ)

≤ Λ.

Next, we specify the rates of growth for the window size wn, the offset τn, and the lag Ln from Eq. (9). This ensures
that we can improve our estimates of the local expectation values of the random features at u ∈ [0, 1] as we gain more
observations near rescaled time u.
Assumption 17. Recall q > 2 from Assumption 15 and κ ∈ [1, 4) from Assumption 16. Assume that q, κ, (wn)n∈N,
(τn)n∈N, and (Ln)n∈N satisfy:
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1. τn = o(n).

2. wn � n
2
q , wn = o(n), and wnn

max(1−2/κ,0) = o(n).

3. Ln � log(n)1+a for some a ∈ (0, 1), Ln � τn, Ln � n
1
κ − 1

4 , and Ln = o(n 1
2κ ).

We now establish the consistency of the rolling-window estimator θ̂RW from Eq. (8).

Theorem 6. If Assumptions 8-17 hold, then θ̂RW p−→ θ0.

2. Proofs

2.1. Proof of Theorem 1. See the proof of Theorem 2.3 in (5).
□

2.2. Proof of Theorem 2.

Step 1: Limiting expectations. We claim that under Assumptions 1-3, ∀θ ∈ Θ, the limiting expectation values of the k
random features of the time series are given by

Φ(θ) =
∫
R(m+1)×d

φ(x) dPθ(x).

That is, for all θ ∈ Θ and all r ∈ {0, 1, . . . , s}, we have, as n −→ ∞,

∥∥∥∥∥ 1
n−m

n∑
t=m+1

Eθ

[
φ

([
G

(n,r)
t−m (ε(r)

t−m, θ), . . . , G
(n,r)
t (ε(r)

t , θ)
]>
)]

− Φ(θ)

∥∥∥∥∥ = o(1). [18]

Note that the time series have this causal representation by Assumption 1.
Observe that ∥∥∥∥∥ 1

n−m

n∑
t=m+1

Eθ

[
φ

([
G

(n,r)
t−m (ε(r)

t−m, θ), . . . , G
(n,r)
t (ε(r)

t , θ)
]>
)]

− Φ(θ)

∥∥∥∥∥
(1)
≤

∥∥∥∥∥∥∥∥∥∥
1

n−m

n∑
t=m+1

Eθ

[
φ

([
G

(n,r)
t−m (ε(r)

t−m, θ), . . . , G
(n,r)
t (ε(r)

t , θ)
]>
)]

− 1
n−m

n∑
t=m+1

Eθ

[
φ

([
G

(r)
t−m(ε(r)

t−m, θ), . . . , G
(r)
t (ε(r)

t , θ)
]>
)]
∥∥∥∥∥∥∥∥∥∥

+

∥∥∥∥∥ 1
n−m

n∑
t=m+1

Eθ

[
φ

([
G

(r)
t−m(ε(r)

t−m, θ), . . . , G
(r)
t (ε(r)

t , θ)
]>
)]

− Φ(θ)

∥∥∥∥∥
(2)= o(1),

where (1) is from adding and subtracting the corresponding term with the limiting mapping and by applying the
triangle inequality, and (2) holds because both terms are o(1). Specifically, the second term is o(1) by upper bounding
the ℓ2 norm ‖·‖ by the ℓ1 norm (i.e. over the k random features) using the monotonicity of norms, linearity, and applying
the weak convergence from Assumption 3. The first term is o(1) because the approximations can be asymptotically
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replaced by the limiting mappings, i.e. because for all θ ∈ Θ and all r ∈ {0, 1, . . . , s}, we have∥∥∥∥∥∥∥∥∥∥
1

n−m

n∑
t=m+1

Eθ

[
φ

([
G

(n,r)
t−m (ε(r)

t−m, θ), . . . , G
(n,r)
t (ε(r)

t , θ)
]>
)]

− 1
n−m

n∑
t=m+1

Eθ

[
φ

([
G

(r)
t−m(ε(r)

t−m, θ), . . . , G
(r)
t (ε(r)

t , θ)
]>
)]
∥∥∥∥∥∥∥∥∥∥

(1)
≤ 1
n−m

n∑
t=m+1

∥∥∥∥∥∥∥∥
φ

([
G

(n,r)
t−m (ε(r)

t−m, θ), . . . , G
(n,r)
t (ε(r)

t , θ)
]>
)

− φ

([
G

(r)
t−m(ε(r)

t−m, θ), . . . , G
(r)
t (ε(r)

t , θ)
]>
)
∥∥∥∥∥∥∥∥

L1(θ)

(2)
≤ Lφ

1
n−m

n∑
t=m+1

∥∥∥∥∥∥∥
Vec

(
G

(n,r)
t−m (ε(r)

t−m, θ), . . . , G
(n,r)
t (ε(r)

t , θ)
)

− Vec
(
G

(r)
t−m(ε(r)

t−m, θ), . . . , G
(r)
t (ε(r)

t , θ)
)
∥∥∥∥∥∥∥

L1(θ)

(3)
≤ Lφ

1
n−m

n∑
t=m+1

m∑
j=0

∥∥∥G(n,r)
t−j (ε(r)

t−j , θ) −G
(r)
t−j(ε(r)

t−j , θ)
∥∥∥

L1(θ)

(4)
≤ Lφ

1
1 −m/n

(m+ 1)

(
1
n

n∑
t=1

∥∥∥G(n,r)
t (ε(r)

0 , θ) −G
(r)
t (ε(r)

0 , θ)
∥∥∥

L1(θ)

)
(5)= o(1),

where (1) holds by linearity of summation, the triangle inequality, linearity of expectation, and Jensen’s inequality,
(2) holds because the random Fourier features φ are Lφ-Lipschitz with Lipschitz constant given by Eq. (26), (3) holds
by the triangle inequality and Minkowski inequality, (4) follows by upper bounding the original quantity by m + 1
times full sum (i.e. by including more non-negative terms in the summation), factoring out 1/n, and noting that each
(G(i,r)

t (εj , θ))j∈Z, (G(r)
t (εj , θ))j∈Z is a stationary ergodic process for each fixed t ∈ N, i ∈ N, and r = 0, 1, . . . , s, which

allows us to shift the noise inputs, and (5) is from applying the convergence condition from Assumption 2.

Step 2: Smoothness. Next, we show that C from Theorem 2 consists of C1-smooth functions Φ. To begin, we establish
that the map θ 7→ Φ(θ) is differentiable on the open set O from Assumption 4. For any φ ∈ Fk, define the linear
functional

Tφ(µ) =
∫
R(m+1)×d

φ(x) dµ(x),

which maps probability measures on R(m+1)×d to Rk. For θ ∈ O, denote the derivative

DΦ(θ)[h] = D

(∫
R(m+1)×d

φ(x) dp(θ)(x)
)

[h] =
∫
R(m+1)×d

φd(Dp(θ)[h]),

where h ∈ Rp. For all θ ∈ O, we have, as ‖h‖ −→ 0,

‖Φ(θ + h) − Φ(θ) −DΦ(θ)[h]‖
‖h‖

(1)=
∥∥∫

R(m+1)×d φ(x) dp(θ + h)(x) −
∫
R(m+1)×d φ(x) dp(θ)(x) −

∫
R(m+1)×d φd(Dp(θ)[h])

∥∥
‖h‖

(2)= ‖Tφ(p(θ + h)) − Tφ(p(θ)) − Tφ(Dp(θ)[h])‖
‖h‖

(3)= ‖Tφ(p(θ + h) − p(θ) −Dp(θ)[h])‖
‖h‖

(4)
≤ ‖φ‖∞

‖p(θ + h) − p(θ) −Dp(θ)[h]‖TV
‖h‖

(5)
≤

‖p(θ + h) − p(θ) −Dp(θ)[h]‖TV
‖h‖

(6)−→ 0,
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by (1) the definition of Φ, (2) the definition of Tφ, (3) the linearity of Tφ, (4) upper bounding by the sup norm
multiplied by the total variation norm, (5) the boundedness of the random Fourier features so that ‖φ‖∞ ≤ 1, and
(6) because p is Fréchet C1 on O with respect to the total variation norm by Assumption 4.

Next, we establish the continuity of θ 7→ DΦ(θ) on O. By Assumption 4, we know that the map θ 7→ Dp(θ) is
continuous on O. That is, for all θ ∈ O and all ϵ > 0, there exists a δ > 0 such that for all θ′ ∈ O, if ‖θ − θ′‖ < δ, then

‖Dp(θ) −Dp(θ′)‖op = sup
‖h‖≤1

‖Dp(θ)[h] −Dp(θ′)[h]‖TV < ϵ.

Observe that, for all θ ∈ O and all ϵ > 0, there exists a δ > 0 such that for all θ′ ∈ O, if ‖θ − θ′‖ < δ, then for
‖DΦ(θ) −DΦ(θ′)‖op = sup

‖h‖≤1
‖DΦ(θ)[h] −DΦ(θ′)[h]‖ we have

‖DΦ(θ) −DΦ(θ′)‖op

(1)=
∥∥∥∥∫

R(m+1)×d

φd(Dp(θ)) −
∫
R(m+1)×d

φd(Dp(θ′))
∥∥∥∥

op
(2)= ‖Tφ(Dp(θ)) − Tφ(Dp(θ′))‖op
(3)= ‖Tφ(Dp(θ) −Dp(θ′))‖op
(4)
≤ ‖φ‖∞ ‖Dp(θ) −Dp(θ′)‖op
(5)
≤ ‖Dp(θ) −Dp(θ′)‖op
(6)
≤ ϵ,

by (1) the definition of DΦ, (2) the definition of Tφ, (3) the linearity of Tφ, (4) upper bounding by the sup norm
multiplied by the operator norm, (5) the boundedness of the random Fourier features so that ‖φ‖∞ ≤ 1, and (6)
because p is Fréchet C1 on O with respect to the total variation norm by Assumption 4. This shows that the map
θ 7→ Φ(θ) is C1 on O. The (7) extension theorem ensures the existence of a C1 extension to the rest of Rp. Therefore,
C consists of C1-smooth functions, i.e. C ⊂ C1(Rp,Rk).

Step 3: Embeddings. Lastly, by Assumption 4, Θ is a compact subset of Rp with non-empty interior, so the box-counting
dimension is p. Thus, once k ≥ 2p+ 1, the fractal Whitney embedding prevalence theorem (Theorem 1) implies that
embeddings are prevalent in C1(Θ,Rk); specifically, “almost every” (in the sense of prevalence) smooth map from Rp

to Rk is one-to-one on Θ and is an immersion on each compact subset of a smooth manifold contained in Θ.
□

2.3. Proof of Theorem 3.

Setup. We will use Corollary 3.2 of (10) to conclude that θ̂TA is consistent. The sample discrepancy function,
from Eq. (6), is given by

Q̂TA
n (θ) = F obs − F̄ sim(θ),

and the population discrepancy function is given by

QTA(θ) = Φ(θ0) − Φ(θ).

To use Corollary 3.2 of (10), it suffices to show that, under the assumptions of Theorem 3, the following conditions
hold:

1.
∥∥∥Q̂TA

n (θ̂TA)
∥∥∥ ≤ op(1) + infθ∈Θ

∥∥∥Q̂TA
n (θ)

∥∥∥.

2. inf‖θ−θ0‖>δ

∥∥QTA(θ)
∥∥ > 0 for each δ > 0.

3. supθ∈Θ
‖Q̂TA

n (θ)−QTA(θ)‖
1+‖Q̂TA

n (θ)‖+‖QTA(θ)‖
= op(1).

Condition 1. We defined the time-average estimator from Eq. (5) as

θ̂TA = argmin
θ∈Θ

∥∥∥Q̂TA
n (θ)

∥∥∥ ,
14 of 41 pnas.org
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with a slight abuse of notation (since argmin is a set) because we have implicitly assumed that the sample objective
function attains the infimum and that it is unique, i.e.∥∥∥Q̂TA

n (θ̂TA)
∥∥∥ = inf

θ∈Θ

∥∥∥Q̂TA
n (θ)

∥∥∥ .
Therefore, the desired result is immediate∥∥∥Q̂TA

n (θ̂TA)
∥∥∥ = inf

θ∈Θ

∥∥∥Q̂TA
n (θ)

∥∥∥ ≤ op(1) + inf
θ∈Θ

∥∥∥Q̂TA
n (θ)

∥∥∥ .
Condition 2. We establish that the infimum is strictly positive through contradiction. Assume for contradiction that
there exists a δ > 0 such that

inf
‖θ−θ0‖>δ

∥∥QTA(θ)
∥∥ = 0.

Then by applying the definition of infimum, there exists a sequence (θn)n∈N, where ‖θn − θ0‖ > δ for all n ∈ N, such
that limn−→∞

∥∥QTA(θn)
∥∥ = 0 by continuity with respect to θ. By Assumption 4, Θ is a compact subset of Rp, hence

Θ is also sequentially compact, i.e. every sequence of parameters in Θ has a convergent subsequence converging to
a parameter in Θ. Thus, there exists a subsequence (θnj )j∈N, where

∥∥θnj − θ0
∥∥ > δ for all j ∈ N, and a parameter

θ∗ ∈ Θ satisfying
∥∥QTA(θ∗)

∥∥ = 0, such that θnj
−→ θ∗ as j −→ ∞. By Assumption 5, the function Φ is one-to-one, so

the function QTA only takes on the value zero at the true parameter θ0, which means that θ∗ = θ0.
However, by the continuity of θ 7→ ‖θ − θ0‖, we have

∥∥θnj
− θ0

∥∥ −→ ‖θ∗ − θ0‖ as j −→ ∞. Therefore, ‖θ∗ − θ0‖ ≥ δ

because
∥∥θnj − θ0

∥∥ > δ for all j ∈ N, so we have

0 = ‖θ0 − θ0‖ = ‖θ∗ − θ0‖ ≥ δ > 0,

which is a contradiction.

Condition 3. It suffices to show that supθ∈Θ

∥∥∥Q̂TA
n (θ) −QTA(θ)

∥∥∥ = op(1) because the denominator is always greater
than or equal to one. For θ ∈ Θ and r ∈ {0, 1, . . . , s}, denote

F (r)(θ) = 1
n−m

n∑
t=m+1

φ

([
G

(n,r)
t−m (ε(r)

t−m, θ), . . . , G
(n,r)
t (ε(r)

t , θ)
]>
)
. [19]

We have

sup
θ∈Θ

∥∥∥Q̂TA
n (θ) −QTA(θ)

∥∥∥
(1)
≤
∥∥F obs − Φ(θ0)

∥∥+ sup
θ∈Θ

∥∥F̄ sim(θ) − Φ(θ)
∥∥

(2)
≤
∥∥F obs − Φ(θ0)

∥∥+ 1
s

s∑
r=1

sup
θ∈Θ

∥∥∥F (r)(θ) − Φ(θ)
∥∥∥

(3)
≤
∥∥∥F (0)(θ0) − Φ(θ0)

∥∥∥+ 1
s

s∑
r=1

sup
θ∈Θ

∥∥∥F (r)(θ) − Φ(θ)
∥∥∥

(4)
≤ sup

θ∈Θ

∥∥∥F (0)(θ) − Φ(θ)
∥∥∥+ 1

s

s∑
r=1

sup
θ∈Θ

∥∥∥F (r)(θ) − Φ(θ)
∥∥∥ ,

by (1) the triangle inequality and subadditivity of the supremum, (2) the triangle inequality and subadditivity of the
supremum, (3) noting that F obs = F (0)(θ0) as in Eq. (13) and Eq. (19), and (4) upper bounding by the supremum
over θ ∈ Θ.

Observe that, by the triangle inequality, for each r ∈ {0, 1, . . . , s}, we have

sup
θ∈Θ

∥∥∥F (r)(θ) − Φ(θ)
∥∥∥ ≤ sup

θ∈Θ

∥∥∥F (r)(θ) − Eθ

[
F (r)(θ)

]∥∥∥+ sup
θ∈Θ

∥∥∥Eθ

[
F (r)(θ)

]
− Φ(θ)

∥∥∥ . [20]

The next steps are to show that the first term is op(1) and the second term is o(1).
Step 1. First, we consider the term supθ∈Θ

∥∥F (r)(θ) − Eθ

[
F (r)(θ)

]∥∥. Since Θ ⊂ Rp is compact by Assumption 4,
it is totally bounded, so there exists an ϵ-net, i.e. for every ϵ > 0, there exist finitely many points θ1, . . . , θN(ϵ) ∈ Θ
for some N(ϵ) ∈ N, such that

Θ ⊂
⋃

i∈[N(ϵ)]

Bϵ(θi),
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where Bϵ(θi) is a ball of radius ϵ. Thus, ∀θ ∈ Θ, there exists an i ∈ [N(ϵ)] such that ‖θ − θi‖ ≤ ϵ. By adding and
subtracting the same term, the triangle inequality, the definition of the ϵ-net for some ϵ > 0 and N(ϵ) ∈ N, and the
definition of the supremum, we have

sup
θ∈Θ

∥∥∥F (r)(θ) − Eθ

[
F (r)(θ)

]∥∥∥
≤ max

i∈[N(ϵ)]

∥∥∥F (r)(θi) − Eθi

[
F (r)(θi)

]∥∥∥
+ sup

θ,θ′∈Θ
‖θ−θ′‖≤ϵ

∥∥∥(F (r)(θ) − Eθ

[
F (r)(θ)

]
) − (F (r)(θ′) − Eθ′

[
F (r)(θ′)

]
)
∥∥∥ .

Taking the expectation E(·) with respect to the law of the noise inputs, we have

E
(

sup
θ∈Θ

∥∥∥F (r)(θ) − Eθ

[
F (r)(θ)

]∥∥∥)
(1)
≤ E

(
max

i∈[N(ϵ)]

∥∥∥F (r)(θi) − Eθi

[
F (r)(θi)

]∥∥∥)

+ E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

∥∥∥(F (r)(θ) − Eθ

[
F (r)(θ)

]
) − (F (r)(θ′) − Eθ′

[
F (r)(θ′)

]
)
∥∥∥


(2)
≤

∑
i∈[N(ϵ)]

Eθi

(∥∥∥F (r)(θi) − Eθi

[
F (r)(θi)

]∥∥∥)

+ E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

∥∥∥(F (r)(θ) − Eθ

[
F (r)(θ)

]
) − (F (r)(θ′) − Eθ′

[
F (r)(θ′)

]
)
∥∥∥


(3)
≤

∑
i∈[N(ϵ)]

Eθi

(∥∥∥F (r)(θi) − Eθi

[
F (r)(θi)

]∥∥∥)

+ E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

∥∥∥F (r)(θ) − F (r)(θ′)
∥∥∥
+ sup

θ,θ′∈Θ
‖θ−θ′‖≤ϵ

∥∥∥Eθ

[
F (r)(θ)

]
− Eθ′

[
F (r)(θ′)

]∥∥∥
(4)
≤

∑
i∈[N(ϵ)]

Eθi

(∥∥∥F (r)(θi) − Eθi

[
F (r)(θi)

]∥∥∥)

+ 2 E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

∥∥∥F (r)(θ) − F (r)(θ′)
∥∥∥
 ,

by (1) the previous ϵ-net inequality, monotonicity of expectation, and linearity of expectation, (2) upper bounding
the maximum by the sum and linearity of expectation, (3) the triangle inequality and subadditivity of the supremum,
and (4) linearity of expectation, Jensen’s inequality, and monotonicity of expectation.
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Step 1.1. We begin with the first term. For all i ∈ N(ϵ), we have

Eθi

(∥∥∥F (r)(θi) − Eθi

[
F (r)(θi)

]∥∥∥)
(1)
≤ 2 C 1

n−m

∞∑
j=1

(
n∑

t=m+1
(η(n,r)

t,j,2,2(θi))2

) 1
2

(2)
≤ 2 C 1

n−m

∞∑
j=1

(n−m) 1
2 max

t∈{m+1,...,n}
η

(n,r)
t,j,2,2(θi)

(3)
≤ 2 C 1√

n−m
Ψφ

∞∑
j=1

j−βφ

(4)
≤ 2 C 1√

n−m
ΨφK,

by (1) factoring out 1
n−m then applying the second inequality from Lemma 3 to the time series of random features and

further upper bounding with infinitely many terms in the summation, (2) upper bounding the sum by n − m times
the maximum and taking the square root of both terms, (3) by bounds on the physical dependence measures of the
original time series by Assumption 7 and of the time series of random features by Lemma 2, and (4) because βφ > 2
so the series converges. Hence, for each fixed ϵ > 0 and N(ϵ) ∈ N, for all i ∈ N(ϵ), we have

Eθi

(∥∥∥F (r)(θi) − Eθi

[
F (r)(θi)

]∥∥∥) = O(n− 1
2 ).

Step 1.2. We now consider the second term. Observe that

E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

∥∥∥F (r)(θ) − F (r)(θ′)
∥∥∥


(1)
≤ Lφ

1
n−m

n∑
t=m+1

m∑
j=0

E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

∥∥∥G(n,r)
t−j (ε(r)

t−j , θ) −G
(n,r)
t−j (ε(r)

t−j , θ
′)
∥∥∥


(2)
≤ Lφ(m+ 1)ηG,

because (1) the random Fourier features φ are Lφ-Lipschitz with Lipschitz constant given by Eq. (26), the triangle
inequality, subadditivity of the supremum, and linearity of expectation, and (2) by upper bounding the average by
the supremum over t and applying the stochastic equicontinuity-type condition from Assumption 6, noting that each
mapping (G(i,r)

t (εj , θ))j∈Z is a stationary ergodic process for each fixed t ∈ N, i ∈ N, r = 0, 1, . . . , s, which allows us to
use this condition even with shifted noise inputs. By Assumption 6, ηG −→ 0 as ϵ −→ 0. However, taking ϵ −→ 0 makes
N(ϵ) −→ ∞, so we must specify the rates.

Previously, we showed that, for each fixed ϵ > 0 and N(ϵ) ∈ N, for all i ∈ N(ϵ), we have

Eθi

(∥∥∥F (r)(θi) − Eθi

[
F (r)(θi)

]∥∥∥) = O(n− 1
2 ).

Therefore, for any sequence (ϵn)n∈N, ϵn −→ 0 as n −→ ∞, such that N(ϵn) = o(n 1
2 ), we have∑

i∈[N(ϵ)]

Eθi

(∥∥∥F (r)(θi) − Eθi

[
F (r)(θi)

]∥∥∥)
≤ N(ϵ) max

i∈[N(ϵ)]
Eθi

(∥∥∥F (r)(θi) − Eθi

[
F (r)(θi)

]∥∥∥)
= o(1),

and ηG = ηG(ϵn) = o(1) so that the upper bound from (2) is Lφ(m+ 1)ηG = o(1).
Putting everything together, by Markov’s inequality, we have the desired result

sup
θ∈Θ

∥∥∥F (r)(θ) − Eθ

[
F (r)(θ)

]∥∥∥ = op(1).
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Step 2. Second, we consider the term supθ∈Θ
∥∥Eθ

[
F (r)(θ)

]
− Φ(θ)

∥∥. For each r ∈ {0, 1, . . . , s},

sup
θ∈Θ

∥∥∥Eθ

[
F (r)(θ)

]
− Φ(θ)

∥∥∥
(1)= sup

θ∈Θ

∥∥∥∥∥ 1
n−m

n∑
t=m+1

Eθ

[
φ

([
G

(n,r)
t−m (ε(r)

t−m, θ), . . . , G
(n,r)
t (ε(r)

t , θ)
]>
)]

− Φ(θ)

∥∥∥∥∥
(2)
≤ sup

θ∈Θ

∥∥∥∥∥∥∥∥∥∥
1

n−m

n∑
t=m+1

Eθ

[
φ

([
G

(n,r)
t−m (ε(r)

t−m, θ), . . . , G
(n,r)
t (ε(r)

t , θ)
]>
)]

− 1
n−m

n∑
t=m+1

Eθ

[
φ

([
G

(r)
t−m(ε(r)

t−m, θ), . . . , G
(r)
t (ε(r)

t , θ)
]>
)]
∥∥∥∥∥∥∥∥∥∥

+ sup
θ∈Θ

∥∥∥∥∥ 1
n−m

n∑
t=m+1

Eθ

[
φ

([
G

(r)
t−m(ε(r)

t−m, θ), . . . , G
(r)
t (ε(r)

t , θ)
]>
)]

− Φ(θ)

∥∥∥∥∥
(3)= o(1),

by (1) the definition of F (r)(θ) from Eq. (19) and linearity of expectation, (2) adding and subtracting the same term,
the triangle inequality, and subadditivity of the supremum, (3) because both terms are o(1). Specifically, the second
term is o(1) by upper bounding the ℓ2 norm ‖·‖ by the ℓ1 norm (i.e. over the k random features) using the monotonicity
of norms, subadditivity of the supremum, linearity, and applying the weak convergence from Assumption 3. The first
term is o(1) because the approximations can be asymptotically replaced by the limiting mappings, because for all
r ∈ {0, 1, . . . , s}, we have

sup
θ∈Θ

∥∥∥∥∥∥∥∥∥∥
1

n−m

n∑
t=m+1

Eθ

[
φ

([
G

(n,r)
t−m (ε(r)

t−m, θ), . . . , G
(n,r)
t (ε(r)

t , θ)
]>
)]

− 1
n−m

n∑
t=m+1

Eθ

[
φ

([
G

(r)
t−m(ε(r)

t−m, θ), . . . , G
(r)
t (ε(r)

t , θ)
]>
)]
∥∥∥∥∥∥∥∥∥∥

(1)
≤ sup

θ∈Θ

 1
n−m

n∑
t=m+1

∥∥∥∥∥∥∥∥
φ

([
G

(n,r)
t−m (ε(r)

t−m, θ), . . . , G
(n,r)
t (ε(r)

t , θ)
]>
)

− φ

([
G

(r)
t−m(ε(r)

t−m, θ), . . . , G
(r)
t (ε(r)

t , θ)
]>
)
∥∥∥∥∥∥∥∥

L1(θ)


(2)
≤ Lφ sup

θ∈Θ

 1
n−m

n∑
t=m+1

∥∥∥∥∥∥∥
Vec

(
G

(n,r)
t−m (ε(r)

t−m, θ), . . . , G
(n,r)
t (ε(r)

t , θ)
)

− Vec
(
G

(r)
t−m(ε(r)

t−m, θ), . . . , G
(r)
t (ε(r)

t , θ)
)
∥∥∥∥∥∥∥

L1(θ)


(3)
≤ Lφ sup

θ∈Θ

 1
n−m

n∑
t=m+1

m∑
j=0

∥∥∥G(n,r)
t−j (ε(r)

t−j , θ) −G
(r)
t−j(ε(r)

t−j , θ)
∥∥∥

L1(θ)


(4)
≤ Lφ

1
1 −m/n

(m+ 1) sup
θ∈Θ

(
1
n

n∑
t=1

∥∥∥G(n,r)
t (ε(r)

0 , θ) −G
(r)
t (ε(r)

0 , θ)
∥∥∥

L1(θ)

)
(5)= o(1),

where (1) holds by linearity of summation, the triangle inequality, linearity of expectation, and Jensen’s inequality,
(2) holds because the random Fourier features φ are Lφ-Lipschitz with Lipschitz constant given by Eq. (26), (3) holds
by the triangle inequality and Minkowski inequality, (4) follows by upper bounding the original quantity by m + 1
times full sum (i.e. by including more non-negative terms in the summation), factoring out 1/n, and noting that each
(G(i,r)

t (εj , θ))j∈Z, (G(r)
t (εj , θ))j∈Z is a stationary ergodic process for each fixed t ∈ N, i ∈ N, and r = 0, 1, . . . , s, which

allows us to shift the noise inputs, and (5) is from applying the convergence condition from Assumption 2.
Step 3. We have shown that for each r ∈ {0, 1, . . . , s}, the terms from Eq. (20) are op(1) and o(1), respectively.

Putting it all together, we have the desired result that

sup
θ∈Θ

∥∥∥Q̂TA
n (θ) −QTA(θ)

∥∥∥ = op(1).

□
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2.4. Proof of Theorem 4. See the proof of Theorem 2.3 in (5).
□

2.5. Proof of Theorem 5.

Step 1: Limiting local expectations. We claim that under Assumptions 8-10, ∀θ̃u ∈ Θ̃u, the limiting local expectation values
of the k random features of the time series are given by

Φ̃u(θ̃u) =
∫
R(m+1)×d

φ(x) dP̃θ̃u,u(x), u ∈ [0, 1].

That is, for all θ ∈ Θ, all u ∈ [0, 1], and all r ∈ {0, 1, . . . , s}, we have, as n −→ ∞,∥∥∥∥Eθ

[
φ

([
G(n,r)

u (ε(r)
−m, θ), . . . , G(n,r)

u (ε(r)
0 , θ)

]>
)]

− Φ̃u(θ̃u)
∥∥∥∥ = o(1). [21]

Note that the time series has this causal representation by Assumptions 8, and that we only observe the time series
at rescaled times t/n for t = 1, . . . , n.

The desired result from Eq. (21) follows because, for all θ ∈ Θ, all u ∈ [0, 1], and all r ∈ {0, 1, . . . , s}, we have∥∥∥∥Eθ

[
φ

([
G(n,r)

u (ε(r)
−m, θ), . . . , G(n,r)

u (ε(r)
0 , θ)

]>
)]

− Φ̃u(θ̃u)
∥∥∥∥

(1)
≤

∥∥∥∥∥∥∥∥
Eθ

[
φ

([
G(n,r)

u (ε(r)
−m, θ), . . . , G(n,r)

u (ε(r)
0 , θ)

]>
)]

− Eθ

[
φ

([
Gu(ε(r)

−m, θ), . . . , Gu(ε(r)
0 , θ)

]>
)]

∥∥∥∥∥∥∥∥
+
∥∥∥∥Eθ

[
φ

([
Gu(ε(r)

−m, θ), . . . , Gu(ε(r)
0 , θ)

]>
)]

− Φ̃u(θ̃u)
∥∥∥∥

(2)= o(1),

where (1) is from adding and subtracting the corresponding term with the limiting mapping and by applying the
triangle inequality, and (2) holds because the second term is equal to zero by using the equivalent causal representation
from Assumption 10 and because the first term is o(1). Specifically, because the approximations can be asymptotically
replaced by the limiting mappings, because for all θ ∈ Θ, all u ∈ [0, 1], and all r ∈ {0, 1, . . . , s}, we have∥∥∥∥∥∥∥∥

Eθ

[
φ

([
G(n,r)

u (ε(r)
−m, θ), . . . , G(n,r)

u (ε(r)
0 , θ)

]>
)]

− Eθ

[
φ

([
Gu(ε(r)

−m, θ), . . . , Gu(ε(r)
0 , θ)

]>
)]

∥∥∥∥∥∥∥∥
(1)
≤

∥∥∥∥∥∥∥∥
φ

([
G(n,r)

u (ε(r)
−m, θ), . . . , G(n,r)

u (ε(r)
0 , θ)

]>
)

− φ

([
Gu(ε(r)

−m, θ), . . . , Gu(ε(r)
0 , θ)

]>
)

∥∥∥∥∥∥∥∥
L1(θ)

(2)
≤ Lφ

∥∥∥∥∥∥∥
Vec

(
G(n,r)

u (ε(r)
−m, θ), . . . , G(n,r)

u (ε(r)
0 , θ)

)
− Vec

(
Gu(ε(r)

−m, θ), . . . , Gu(ε(r)
0 , θ)

)
∥∥∥∥∥∥∥

L1(θ)

(3)
≤ Lφ

m∑
j=0

∥∥∥G(n,r)
u (ε(r)

−j , θ) −Gu(ε(r)
−j , θ)

∥∥∥
L1(θ)

(4)= o(1),

where (1) holds by linearity of expectation and Jensen’s inequality, (2) holds because the random Fourier features φ are
Lφ-Lipschitz with Lipschitz constant given by Eq. (26), (3) holds by the triangle inequality and Minkowski inequality,
and (4) follows from the convergence condition from Assumption 9, noting that each mapping (G(i,r)

u (εj , θ))j∈Z,
(Gu(εj , θ))j∈Z is a stationary ergodic process for each fixed u ∈ [0, 1], i ∈ N, r ∈ {0, 1, . . . , s}, which allows us to
use the convergence condition regardless of the shifts in the noise inputs.
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Step 2: Smoothness. The arguments used to show that Φ̃u, u ∈ [0, 1], are C1-smooth in the parameter values are
analogous to those used in the proof of Theorem 2 to show that Φ is C1-smooth in the parameter values. Specifically,
by Assumption 11, p̃u is Fréchet C1 on Õu with respect to the total variation norm (cf. Assumption 4), so the same
arguments used in the proof of Theorem 2 hold when replacing θ, Φ, Pθ, C, O, p with θ̃u, Φ̃u, P̃θ̃u,u, C̃u, Õu, p̃u at a
particular rescaled time u ∈ [0, 1]. The details are omitted due to similarity.

Step 3: Embeddings. For each u ∈ [0, 1], the box-counting dimension of Θ̃u is less than or equal to p because: (1)
Θ has box-counting dimension p as it is a compact subset of Rp with non-empty interior by Assumption 11, and
(2) Θ̃u = gu(Θ) and gu is Lipschitz by Assumption 10 so dim(Θ̃u) = dim(gu(Θ)) ≤ dim(Θ) = p. Therefore, once
k ≥ 2p + 1, the fractal Whitney embedding prevalence theorem (Theorem 1) implies that for each u ∈ [0, 1] (i.e.
applying the theorem at each u), embeddings are prevalent in C1(Θ̃u,Rk); specifically, “almost every” (in the sense of
prevalence) smooth map from Rp̃ to Rk is one-to-one on Θ̃u and is an immersion on each compact subset of a smooth
manifold contained in Θ̃u.

□

2.6. Proof of Theorem 6.

Setup. We will use Corollary 3.2 of (10) to conclude that θ̂RW is consistent. The sample discrepancy function,
from Eq. (9), is given by

Q̂RW
n (θ) = 1

n−m

n∑
t=m+τ+L

[∥∥F obs
t−L − F̄ sim

t−L(θ)
∥∥2 +Kt(θ)

]
,

Kt(θ) = 2
(
F obs

t−L − F̄ sim
t−L(θ)

)> ([
fobs

t − f̄ sim
t (θ)

]
−
[
F obs

t−L − F̄ sim
t−L(θ)

])
,

and the population discrepancy function is given by

QRW(θ) =
∫ 1

0
‖Φu(θ0) − Φu(θ)‖2

du.

To use Corollary 3.2 of (10), it suffices to show that, under the assumptions of Theorem 6, the following conditions
hold:

1.
∣∣∣Q̂RW

n (θ̂RW)
∣∣∣ ≤ op(1) + infθ∈Θ

∣∣∣Q̂RW
n (θ)

∣∣∣.
2. inf‖θ−θ0‖>δ

∣∣QRW(θ)
∣∣ > 0 for each δ > 0.

3. supθ∈Θ
|Q̂RW

n (θ)−QRW(θ)|
1+|Q̂RW

n (θ)|+|QRW(θ)|
= op(1).

Condition 1. We defined the rolling-window estimator from Eq. (8)

θ̂RW = argmin
θ∈Θ

∣∣∣Q̂RW
n (θ)

∣∣∣ ,
with a slight abuse of notation (since argmin is a set) because we have implicitly assumed that the sample objective
function attains the infimum and that it is unique, i.e.∣∣∣Q̂RW

n (θ̂RW)
∣∣∣ = inf

θ∈Θ

∣∣∣Q̂RW
n (θ)

∣∣∣ .
Therefore, the desired result is immediate∣∣∣Q̂RW

n (θ̂RW)
∣∣∣ = inf

θ∈Θ

∣∣∣Q̂RW
n (θ)

∣∣∣ ≤ op(1) + inf
θ∈Θ

∣∣∣Q̂RW
n (θ)

∣∣∣ .
Condition 2. We establish that the infimum is strictly positive through contradiction. Assume for contradiction that
there exists a δ > 0 such that

inf
‖θ−θ0‖>δ

∣∣QRW(θ)
∣∣ = 0.

Then by applying the definition of infimum, there exists a sequence (θn)n∈N, where ‖θn − θ0‖ > δ for all n ∈ N,
such that limn−→∞

∣∣QRW(θn)
∣∣ = 0 by continuity with respect to θ and the dominated convergence theorem. By

Assumption 11, Θ is a compact subset of Rp, hence Θ is also sequentially compact, i.e. every sequence of parameters
in Θ has a convergent subsequence converging to a parameter in Θ. Thus, there exists a subsequence (θnj

)j∈N, where
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∥∥θnj − θ0
∥∥ > δ for all j ∈ N, and a parameter θ∗ ∈ Θ satisfying

∣∣QRW(θ∗)
∣∣ = QRW(θ∗) = 0, such that θnj −→ θ∗ as

j −→ ∞.
By Assumption 13, for all θ0, θ

∗ ∈ Θ, if θ0 6= θ∗, then there exists a subset Uθ0,θ∗ ⊆ [0, 1] with positive Lebesgue
measure such that Pθ0,u 6= Pθ∗,u for all u ∈ Uθ0,θ∗ . Since Pθ0,u 6= Pθ∗,u for all u ∈ Uθ0,θ∗ , we also have that
P̃gu(θ0),u 6= P̃gu(θ∗),u for all u ∈ Uθ0,θ∗ because P̃gu(θ),u = Pθ,u is the distribution of

[G̃u(ε−m, gu(θ)), . . . , G̃u(ε0, gu(θ))]> = [Gu(ε−m, θ), . . . , Gu(ε0, θ)]>.

Therefore, for all u ∈ Uθ0,θ∗ , we have that gu(θ0) 6= gu(θ∗) because θ̃u 7→ P̃θ̃u,u is a bijection for all u ∈ [0, 1] by
Assumption 11. We also have that Φ̃u(gu(θ0)) 6= Φ̃u(gu(θ∗)) for all u ∈ Uθ0,θ∗ , because by Assumption 12, θ̃u 7→ Φ̃u(θ̃u)
is one-to-one for all u ∈ [0, 1]. This also implies that Φu(θ0) 6= Φu(θ∗) for all u ∈ Uθ0,θ∗ by the definitions of Φu and
Φ̃u from Eq. (16) and Eq. (17), respectively, because P̃gu(θ),u = Pθ,u as discussed above. Putting it all together, we
have that, if θ0 6= θ∗, then

QRW(θ∗) =
∫ 1

0
‖Φu(θ0) − Φu(θ∗)‖2

du ≥
∫

Uθ0,θ∗

‖Φu(θ0) − Φu(θ∗)‖2
du > 0.

In other words, if QRW(θ∗) = 0, then θ∗ = θ0.
However, by the continuity of θ 7→ ‖θ − θ0‖, we have

∥∥θnj − θ0
∥∥ −→ ‖θ∗ − θ0‖ as j −→ ∞. Therefore, ‖θ∗ − θ0‖ ≥ δ

because
∥∥θnj

− θ0
∥∥ > δ for all j ∈ N, so we have

0 = ‖θ0 − θ0‖ = ‖θ∗ − θ0‖ ≥ δ > 0,

which is a contradiction.

Condition 3. It suffices to show that supθ∈Θ

∣∣∣Q̂RW
n (θ) −QRW(θ)

∣∣∣ = op(1) because the denominator is always greater
than or equal to one. For θ ∈ Θ and r ∈ {0, 1, . . . , s}, define

F
(r)
t (θ) = 1

w ∧ t

t∑
j=(t−w)∨(m+1)

φ

([
G

(n,r)
(j−m)/n(ε(r)

j−m, θ), . . . , G
(n,r)
j/n (ε(r)

j , θ)
]>
)
, [22]

and

I1
n(θ) = 1

n−m

n∑
t=m+τ+L

∥∥∥µn
t
n

(θ)
∥∥∥2
,

I2
n(θ) = 1

n−m

n∑
t=m+τ+L

∥∥∥µn
t
n

(θ) − µ̂t−L,n(θ)
∥∥∥2
,

I3
n(θ) = 1

n−m

n∑
t=m+τ+L

K∗
t (θ),

[23]

where

µn
t
n

(θ) = Eθ0

[
fobs

t

]
− 1
s

s∑
r=1

Eθ

[
f

(r)
t (θ)

]
= Eθ0

[
φ

([
G

(n,0)
(t−m)/n(ε(0)

t−m, θ0), . . . , G(n,0)
t/n (ε(0)

t , θ0)
]>
)]

− 1
s

s∑
r=1

Eθ

[
φ

([
G

(n,r)
(t−m)/n(ε(r)

t−m, θ), . . . , G
(n,r)
t/n (ε(r)

t , θ)
]>
)]

,

µ̂t,n(θ) = F obs
t − F̄ sim

t (θ),
Kt(θ) = 2µ̂t−L,n(θ)> ([fobs

t − f̄ sim
t (θ)

]
− µ̂t−L,n(θ)

)
,

K∗
t (θ) = 2µ̂t−L,n(θ)>

([
fobs

t − f̄ sim
t (θ)

]
− µn

t
n

(θ)
)
.

[24]
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We have

sup
θ∈Θ

∣∣∣Q̂RW
n (θ) −QRW(θ)

∣∣∣
(1)= sup

θ∈Θ

∣∣∣∣∣ 1
n−m

n∑
t=m+τ+L

[∥∥F obs
t−L − F̄ sim

t−L(θ)
∥∥2 +Kt(θ)

]
−
∫ 1

0
‖Φu(θ0) − Φu(θ)‖2

du

∣∣∣∣∣
(2)= sup

θ∈Θ

∣∣∣∣I1
n(θ) − I2

n(θ) + I3
n(θ) −

∫ 1

0
‖Φu(θ0) − Φu(θ)‖2

du

∣∣∣∣
(3)
≤ sup

θ∈Θ

∣∣∣∣I1
n(θ) −

∫ 1

0
‖Φu(θ0) − Φu(θ)‖2

du

∣∣∣∣+ sup
θ∈Θ

∣∣I2
n(θ)

∣∣+ sup
θ∈Θ

∣∣I3
n(θ)

∣∣ ,
by (1) definition of Q̂RW

n (θ) and QRW(θ), (2) a Taylor expansion (see below) and the definition of I1
n(θ), I2

n(θ), I3
n(θ),

and (3) the triangle inequality and subadditivity of the supremum. More specifically, regarding (2), at each time t, a
Taylor expansion yields∥∥∥µn

t
n

(θ)
∥∥∥2

= ‖µ̂t−L,n(θ)‖2 + 2µ̂t−L,n(θ)>
(
µn

t
n

(θ) − µ̂t−L,n(θ)
)

+
∥∥∥µn

t
n

(θ) − µ̂t−L,n(θ)
∥∥∥2
,

so rearranging this equation and plugging in for ‖µ̂t−L,n(θ)‖2 =
∥∥F obs

t−L − F̄ sim
t−L(θ)

∥∥2 yields∥∥F obs
t−L − F̄ sim

t−L(θ)
∥∥2 +Kt(θ)

=
∥∥∥µn

t
n

(θ)
∥∥∥2

−
∥∥∥µn

t
n

(θ) − µ̂t−L,n(θ)
∥∥∥2

+
[
−2µ̂t−L,n(θ)>

(
µn

t
n

(θ) − µ̂t−L,n(θ)
)

+Kt(θ)
]

=
∥∥∥µn

t
n

(θ)
∥∥∥2

−
∥∥∥µn

t
n

(θ) − µ̂t−L,n(θ)
∥∥∥2

+ 2µ̂t−L,n(θ)>
([
fobs

t − f̄ sim
t (θ)

]
− µn

t
n

(θ)
)
,

therefore summing yields
n∑

t=m+τ+L

[∥∥F obs
t−L − F̄ sim

t−L(θ)
∥∥2 +Kt(θ)

]
= I1

n(θ) − I2
n(θ) + I3

n(θ).

It suffices to show that

sup
θ∈Θ

∣∣∣∣I1
n(θ) −

∫ 1

0
‖Φu(θ0) − Φu(θ)‖2

du

∣∣∣∣ = o(1),

sup
θ∈Θ

∣∣I2
n(θ)

∣∣ = op(1),

sup
θ∈Θ

∣∣I3
n(θ)

∣∣ = op(1),

so we break down the remainder of the proof into these three steps.
Step 1. We show that

sup
θ∈Θ

∣∣∣∣I1
n(θ) −

∫ 1

0
‖Φu(θ0) − Φu(θ)‖2

du

∣∣∣∣ = o(1).

Observe that

sup
θ∈Θ

∣∣∣∣I1
n(θ) −

∫ 1

0
‖Φu(θ0) − Φu(θ)‖2

du

∣∣∣∣
(1)= sup

θ∈Θ

∣∣∣∣∣ 1
n−m

n∑
t=m+τ+L

∥∥∥µn
t
n

(θ)
∥∥∥2

−
∫ 1

0
‖Φu(θ0) − Φu(θ)‖2

du

∣∣∣∣∣
(2)
≤ sup

θ∈Θ

∣∣∣∣∣ 1
n−m

n∑
t=m+τ+L

∥∥∥µn
t
n

(θ)
∥∥∥2

−
∫ 1

0
‖µn

u(θ)‖2
du

∣∣∣∣∣
+ sup

θ∈Θ

∣∣∣∣∫ 1

0
‖µn

u(θ)‖2
du−

∫ 1

0
‖Φu(θ0) − Φu(θ)‖2

du

∣∣∣∣ ,
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by (1) the definition of I1
n(θ), and (2) adding and subtracting the same term, the triangle inequality, and subadditivity

of the supremum. We will show that both terms are o(1).

Step 1.1. Observe that

sup
θ∈Θ

∣∣∣∣∣ 1
n−m

n∑
t=m+τ+L

∥∥∥µn
t
n

(θ)
∥∥∥2

−
∫ 1

m+τ+L
n

‖µn
u(θ)‖2

du

∣∣∣∣∣
(1)
≤ mk

n
+ sup

θ∈Θ

∣∣∣∣∣ 1n
n∑

t=m+τ+L

∥∥∥µn
t
n

(θ)
∥∥∥2

−
∫ 1

m+τ+L
n

‖µn
u(θ)‖2

du

∣∣∣∣∣
(2)
≤ mk

n
+ sup

θ∈Θ

∫ 1

m+τ+L
n

∣∣∣∣∥∥∥µn
dune

n

(θ)
∥∥∥2

− ‖µn
u(θ)‖2

∣∣∣∣ du
(3)
≤ mk

n
+ 1
n

sup
θ∈Θ

n∑
t=m+τ+L

sup
u∈[ t−1

n , t
n ]

∣∣∣∣∥∥∥µn
t
n

(θ)
∥∥∥2

− ‖µn
u(θ)‖2

∣∣∣∣
(4)
≤ mk

n
+ 1
n

sup
θ∈Θ

n∑
t=m+τ+L

sup
u∈[ t−1

n , t
n ]

(∥∥∥µn
t
n

(θ)
∥∥∥+ ‖µn

u(θ)‖
)∥∥∥µn

t
n

(θ) − µn
u(θ)

∥∥∥
(5)
≤ mk

n
+ 4

√
k

1
n

sup
θ∈Θ

n∑
t=m+τ+L

sup
u∈[ t−1

n , t
n ]

∥∥∥µn
t
n

(θ) − µn
u(θ)

∥∥∥
(6)
≤ mk

n
+ 4

√
kLφ(m+ 1) 1

n
sup
θ∈Θ

n∑
t=m+τ+L

sup
u∈[ t−1

n , t
n ]

∥∥∥G(n,r)
t
n

(ε(r)
0 , θ) −G(n,r)

u (ε(r)
0 , θ)

∥∥∥
L1(θ)

+ 4
√
kLφ(m+ 1) 1

n

1
s

s∑
r=1

sup
θ∈Θ

 n∑
t=m+τ+L

sup
u∈[ t−1

n , t
n ]

∥∥∥G(n,r)
t
n

(ε(r)
0 , θ) −G(n,r)

u (ε(r)
0 , θ)

∥∥∥
L1(θ)


(7)
≤ mk

n
+ 8

√
kLφ(m+ 1)n

1−1/κ

n
Λ,

by (1) adding and subtracting the same term (i.e. with a factor of 1
n ), the triangle inequality, subadditivity of the

supremum, factoring out the sum of squared norms, the equality 1
n−m − 1

n = m
n(n−m) , upper bounding the sum by n−m

times the maximum over time t of the squared norm, noting that the random Fourier features are bounded between
−1 and 1 so the corresponding expectations must be as well, then upper bounding the squared norm by the number
of random features k, (2) the definition of the ceiling function, using the Riemann sum approximation of the integral,
and the triangle inequality for integrals, (3) upper bounding the integral over each interval by the supremum over that
interval multiplied by the interval length and summing over the intervals, (4) the equality

∣∣x2 − y2
∣∣ = |x− y| |x+ y|

applied to the norms and the triangle inequality applied to this absolute value of the sum of norms, (5) using the
definition of µn

t
n

(θ) and µn
u(θ) and applying the triangle inequality to each of their norms, applying the triangle

inequality and absolute homogeneity to the simulation-average, upper bounding each norm by
√
k where k = 2p+ 1,

θ ∈ Rp, because each of the k dimensions of the random Fourier features takes values in [−1, 1], so we can upper bound
by four times this amount, and the distributive property, (6) the triangle inequality, subadditivity of the supremum,
linearity of expectation, Jensen’s inequality, the random Fourier features φ are Lφ-Lipschitz with Lipschitz constant
given by Eq. (26), the triangle inequality, the Minkowski inequality, shifting the noise inputs which is equivalent due to
stationarity, and (7) Hölder’s inequality applied to each sum over time t (i.e. for each r = 0, 1, . . . , s), upper bounding
by the κ-variation, and applying the upper bound from Assumption 16.
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Lastly, observe that

sup
θ∈Θ

∣∣∣∣∣ 1
n−m

n∑
t=m+τ+L

∥∥∥µn
t
n

(θ)
∥∥∥2

−
∫ 1

0
‖µn

u(θ)‖2
du

∣∣∣∣∣
(1)
≤ sup

θ∈Θ

∣∣∣∣∣ 1
n−m

n∑
t=m+τ+L

∥∥∥µn
t
n

(θ)
∥∥∥2

−
∫ 1

m+τ+L
n

‖µn
u(θ)‖2

du

∣∣∣∣∣
+ sup

θ∈Θ

∣∣∣∣∣
∫ 1

m+τ+L
n

‖µn
u(θ)‖2

du−
∫ 1

0
‖µn

u(θ)‖2
du

∣∣∣∣∣
(2)= sup

θ∈Θ

∣∣∣∣∣ 1
n−m

n∑
t=m+τ+L

∥∥∥µn
t
n

(θ)
∥∥∥2

−
∫ 1

m+τ+L
n

‖µn
u(θ)‖2

du

∣∣∣∣∣
+ sup

θ∈Θ

∣∣∣∣∣
∫ m+τ+L

n

0
‖µn

u(θ)‖2
du

∣∣∣∣∣
(3)
≤
(
mk

n
+ 8

√
kLφ(m+ 1)n

1−1/κ

n
Λ
)

+ m+ τ + L

n
k

(4)= o(1),

by (1) adding and subtracting the same term, the triangle inequality, and subadditivity of the supremum, (2)
subtraction, (3) upper bounding the first term by applying the inequality derived previously, and upper bounding the
second term by the length of the interval [0, m+τ+L

n ] multiplied by k because the integrand can be upper bounded by
k since the k random Fourier features each take values in [−1, 1], and (4) noting that both of these terms converge to
zero because the first term is o(1) because κ ∈ [1, 4) by Assumption 16 and the second term is o(1) because τn = o(n)
by Assumption 17.

Step 1.2. Observe that

sup
θ∈Θ

∣∣∣∣∫ 1

0
‖µn

u(θ)‖2
du−

∫ 1

0
‖Φu(θ0) − Φu(θ)‖2

du

∣∣∣∣
(1)
≤ sup

θ∈Θ

∫ 1

0

∣∣∣‖µn
u(θ)‖2 − ‖Φu(θ0) − Φu(θ)‖2

∣∣∣ du
(2)
≤ 4

√
k sup

θ∈Θ

∫ 1

0
‖µn

u(θ) − (Φu(θ0) − Φu(θ))‖ du

(3)
≤ 4

√
k

∫ 1

0

∥∥∥∥Eθ0

[
φ

([
G(n,0)

u (ε(0)
−m, θ0), . . . , G(n,0)

u (ε(0)
0 , θ0)

]>
)]

− Φu(θ0)
∥∥∥∥ du

+ 4
√
k

1
s

s∑
r=1

sup
θ∈Θ

∫ 1

0

∥∥∥∥Eθ

[
φ

([
G(n,r)

u (ε(r)
−m, θ), . . . , G(n,r)

u (ε(r)
0 , θ)

]>
)]

− Φu(θ)
∥∥∥∥ du

(4)
≤ 4

√
k sup

u∈[0,1]

∥∥∥∥Eθ0

[
φ

([
G(n,0)

u (ε(0)
−m, θ0), . . . , G(n,0)

u (ε(0)
0 , θ0)

]>
)]

− Φu(θ0)
∥∥∥∥

+ 4
√
k

1
s

s∑
r=1

sup
θ∈Θ

sup
u∈[0,1]

∥∥∥∥Eθ

[
φ

([
G(n,r)

u (ε(r)
−m, θ), . . . , G(n,r)

u (ε(r)
0 , θ)

]>
)]

− Φu(θ)
∥∥∥∥

(5)= o(1),

by (1) the linearity of integrals and the triangle inequality for integrals, (2) the equality
∣∣x2 − y2

∣∣ = |x− y| |x+ y|
applied to the norms and the triangle inequality applied to this absolute value of the sum of norms, then using the
definition of µn

u(θ) and applying the triangle inequality to each of the norms, applying the triangle inequality and
absolute homogeneity to the simulation-average terms, upper bounding each norm by

√
k where k = 2p + 1, θ ∈ Rp,

because each of the k dimensions of the random Fourier features takes values in [−1, 1], so we can upper bound by
four times this amount, and the distributive property, (3) the triangle inequality, subadditivity, and the distributive
property, (4) upper bounding the integral by the length of the interval multiplied by the supremum over the interval,
and (5) the same (u, θ)-pointwise inequalities used to show Eq. (21), where Φ̃u(θ̃u) = Φu(θ) by the definitions and
Assumption 10, hold uniformly over u ∈ [0, 1] and over θ ∈ Θ by using the subadditivity of the supremum and because
Assumption 9 is a (u, θ)-uniform convergence condition.
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Putting it all together, we have

sup
θ∈Θ

∣∣∣∣I1
n(θ) −

∫ 1

0
‖Φu(θ0) − Φu(θ)‖2

du

∣∣∣∣ = o(1).

Step 2. We show that

sup
θ∈Θ

∣∣I2
n(θ)

∣∣ = op(1).

Observe that

sup
θ∈Θ

∣∣I2
n(θ)

∣∣
(1)= sup

θ∈Θ

1
n−m

n∑
t=m+τ+L

∥∥∥µn
t
n

(θ) − µ̂t−L,n(θ)
∥∥∥2

(2)
≤ sup

θ∈Θ

1
n−m

n∑
t=m+τ+L

(∥∥∥µn
t
n

(θ) − µn
t−L

n

(θ)
∥∥∥+

∥∥∥µn
t−L

n

(θ) − µ̂t−L,n(θ)
∥∥∥)2

(3)
≤ sup

θ∈Θ

2
n−m

n∑
t=m+τ+L

∥∥∥µn
t
n

(θ) − µn
t−L

n

(θ)
∥∥∥2

+ sup
θ∈Θ

2
n−m

n∑
t=m+τ+L

∥∥∥µn
t−L

n

(θ) − µ̂t−L,n(θ)
∥∥∥2
,

by (1) the definition of I2
n(θ), (2) adding and subtracting the same term then applying the triangle inequality, and (3)

expanding the square then applying Young’s inequality and subadditivity of the supremum. We will show the first
term is o(1) and the second term is op(1).

Step 2.1. To begin, observe that, for every θ ∈ Θ, we have

1
2

n∑
t=m+τ+L

∥∥∥µn
t
n

(θ) − µn
t−L

n

(θ)
∥∥∥2

(1)
≤

n∑
t=m+τ+L

∥∥∥∥∥∥∥∥
Eθ0φ

([
G

(n,0)
(t−m)/n(ε(0)

−m, θ0), . . . , G(n,0)
t/n (ε(0)

0 , θ0)
]>
)

− Eθ0φ

([
G

(n,0)
(t−L−m)/n(ε(0)

−m, θ0), . . . , G(n,0)
(t−L)/n(ε(0)

0 , θ0)
]>
)
∥∥∥∥∥∥∥∥

2

+ 1
s

s∑
r=1

n∑
t=m+τ+L

∥∥∥∥∥∥∥∥
Eθφ

([
G

(n,r)
(t−m)/n(ε(r)

−m, θ), . . . , G
(n,r)
t/n (ε(r)

0 , θ)
]>
)

− Eθφ

([
G

(n,r)
(t−L−m)/n(ε(r)

−m, θ), . . . , G
(n,r)
(t−L)/n(ε(r)

0 , θ)
]>
)
∥∥∥∥∥∥∥∥

2

(2)
≤ L2

n∑
t=m+τ+L

∥∥∥∥∥∥∥∥
Eθ0φ

([
G

(n,0)
(t−m+1)/n(ε(0)

−m, θ0), . . . , G(n,0)
(t+1)/n(ε(0)

0 , θ0)
]>
)

− Eθ0φ

([
G

(n,0)
(t−m)/n(ε(0)

−m, θ0), . . . , G(n,0)
t/n (ε(0)

0 , θ0)
]>
)

∥∥∥∥∥∥∥∥
2

+ L2

s

s∑
r=1

n∑
t=m+τ+L

∥∥∥∥∥∥∥∥
Eθφ

([
G

(n,r)
(t−m+1)/n(ε(r)

−m, θ), . . . , G
(n,r)
(t+1)/n(ε(r)

0 , θ)
]>
)

− Eθφ

([
G

(n,r)
(t−m)/n(ε(r)

−m, θ), . . . , G
(n,r)
t/n (ε(r)

0 , θ)
]>
)

∥∥∥∥∥∥∥∥
2

(3)
≤ L2L2

φ(m+ 1)2
n∑

t=1

∥∥∥G(n,0)
t/n (ε(0)

0 , θ0) −G
(n,0)
(t−1)/n(ε(0)

0 , θ0)
∥∥∥2

Lq(θ)

+ L2L2
φ(m+ 1)2 1

s

s∑
r=1

n∑
t=1

∥∥∥G(n,r)
t/n (ε(r)

0 , θ) −G
(n,r)
(t−1)/n(ε(r)

0 , θ)
∥∥∥2

Lq(θ)
,

by (1) the definition of µn
t
n

(θ) and µn
t−L

n

(θ), the triangle inequality, expanding the square, Young’s inequality, and
the triangle inequality, (2) adding and subtracting the same intermediate lag terms between t and t − L (i.e. t −
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1, . . . , t−L+ 1), the triangle inequality, applying Young’s inequality L times, factoring out L, adding extra lag terms
so the every lag term is repeated L terms and then factoring out this second L factor, and (3) linearity of expectation,
Jensen’s inequality, because the random Fourier features φ are Lφ-Lipschitz with Lipschitz constant given by Eq. (26),
the triangle inequality, the Minkowski inequality, and Young’s inequality.

Observe that

sup
θ∈Θ

2
n−m

n∑
t=m+τ+L

∥∥∥µn
t
n

(θ) − µn
t−L

n

(θ)
∥∥∥2

(1)
≤

4L2L2
φ(m+ 1)2

n−m

s∑
r=0

sup
θ∈Θ

n∑
t=1

∥∥∥G(n,r)
t/n (ε(r)

0 , θ) −G
(n,r)
(t−1)/n(ε(r)

0 , θ)
∥∥∥2

Lq(θ)

(2)
≤

4L2L2
φ(m+ 1)2

n−m
(s+ 1)nmax(1−2/κ,0)Λ2

(3)= o(1),

by (1) the previous arguments, linearity, and subadditivity of the supremum, (2) Hölder’s inequality applied to each
sum over time t (i.e. for each r = 0, 1, . . . , s) so we can upper bound by the squared κ-variation multiplied by
nmax(1−2/κ,0), where the max is because we consider the cases κ ∈ [1, 2] and κ ∈ (2, 4) separately, and applying the
upper bound Λ > 0 from Assumption 16, and (3) the rate of growth of L from Assumption 17.

Step 2.2. Observe that, for every θ ∈ Θ, we have

1
2

n∑
t=m+τ+L

∥∥∥µn
t−L

n

(θ) − µ̂t−L,n(θ)
∥∥∥2

[25]

(1)
≤

n∑
t=m+τ+L

∥∥∥∥Eθ0φ

([
G

(n,0)
(t−L−m)/n(ε(0)

t−L−m, θ0), . . . , G(n,0)
(t−L)/n(ε(0)

t−L, θ0)
]>
)

− F obs
t−L

∥∥∥∥2

+
s∑

r=1

n∑
t=m+τ+L

∥∥∥∥Eθφ

([
G

(n,r)
(t−L−m)/n(ε(r)

t−L−m, θ), . . . , G
(n,r)
(t−L)/n(ε(r)

t−L, θ)
]>
)

− F
(r)
t−L(θ)

∥∥∥∥2

,

by (1) the definitions of µn
t−L

n

(θ) and µ̂t−L,n(θ), the triangle inequality, and Young’s inequality, where F
(r)
t (θ) is

from Eq. (22). We have

sup
θ∈Θ

2
n−m

n∑
t=m+τ+L

∥∥∥µn
t−L

n

(θ) − µ̂t−L,n(θ)
∥∥∥2

(1)
≤

s∑
r=0

sup
θ∈Θ

4
n−m

n∑
t=m+τ+L

∥∥∥Eθ

[
f

(r)
t−L(θ)

]
− F

(r)
t−L(θ)

∥∥∥2
,

by (1) the previous arguments, the definition of the random features f (r)
t−L(θ) at time t− L in terms of the generative

mappings, linearity, and subadditivity of the supremum. It suffices to show that, for all r = 0, 1, . . . , s, we have

sup
θ∈Θ

n∑
t=m+τ+L

∥∥∥Eθ

[
f

(r)
t−L(θ)

]
− F

(r)
t−L(θ)

∥∥∥2
= op(n).

By adding and subtracting the same term, the triangle inequality, Young’s inequality, and subadditivity of the
supremum, half of the previous term is less than or equal to

sup
θ∈Θ

n∑
t=m+τ+L

∥∥∥Eθ

[
f

(r)
t−L(θ)

]
− EθF

(r)
t−L(θ)

∥∥∥2
+ sup

θ∈Θ

n∑
t=m+τ+L

∥∥∥EθF
(r)
t−L(θ) − F

(r)
t−L(θ)

∥∥∥2
,

so it suffices to show that the first term is o(n) and the second term is op(n).
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Step 2.2.1. For the following, denote Ut =
[

(t−L−w)∨(m+1)
n , t−L

n

]
. Observe that, for all r = 0, 1, . . . , s, we have

sup
θ∈Θ

n∑
t=m+τ+L

∥∥∥Eθ

[
f

(r)
t−L(θ)

]
− EθF

(r)
t−L(θ)

∥∥∥2

(1)
≤ sup

θ∈Θ

n∑
t=m+τ+L

sup
u∈Ut

∥∥∥∥∥∥∥∥
Eθφ

([
G

(n,r)
(t−L−m)/n(ε(r)

t−L−m, θ), . . . , G
(n,r)
(t−L)/n(ε(r)

t−L, θ)
]>
)

− Eθφ

([
G

(n,r)
u−m/n(ε(r)

−m, θ), . . . , G(n,r)
u (ε(r)

0 , θ)
]>
)

∥∥∥∥∥∥∥∥
2

(2)
≤ L2

φ(m+ 1)2 sup
θ∈Θ

n∑
t=m+τ+L

sup
u∈Ut

∥∥∥G(n,r)
(t−L)/n(ε(r)

0 , θ) −G(n,r)
u (ε(r)

0 , θ)
∥∥∥2

Lq(θ)

(3)
≤ wL2

φ(m+ 1)2nmax(1−2/κ,0)
(

sup
θ∈Θ

∥∥∥(G(n,r)
u (ε0, θ)

)
u

∥∥∥
κ-var,Lq(θ)

)2

(4)
≤ wL2

φ(m+ 1)2nmax(1−2/κ,0)Λ2

(5)= o(n),

by (1) the definitions of F (r)
t−L(θ) and f (r)

t−L(θ) from Eq. (22) and Eq. (24), linearity, the triangle inequality, and upper
bounding the rolling-window average of the distances between the expectations by the supremum of the distance
between the expectations over the corresponding rescaled time interval Ut =

[
(t−L−w)∨(m+1)

n , t−L
n

]
, (2) linearity of

expectation, Jensen’s inequality, because the random Fourier features φ are Lφ-Lipschitz with Lipschitz constant
given by Eq. (26), the triangle inequality, the Minkowski inequality, and Young’s inequality, (3) upper bounding by
w multiplied by the squared κ-variation multiplied by nmax(1−2/κ,0), where the max is because we consider the cases
κ ∈ [1, 2] and κ ∈ (2, 4) separately, and where the w factor is from the following construction: each interval Ut

has length at most w/n, so we consider a family of w subsequences of intervals of the form Uj+w,Uj+2w, . . . so they
are disjoint (besides the endpoints), then upper bound the sum over each subsequence by the squared κ-variation
multiplied by nmax(1−2/κ,0), then sum over all of the subsequences, which leads to the desired upper bound with the
factor of w, (4) using the bound from Assumption 16, and (5) because of the rates specified in Assumption 17.

Step 2.2.2. By Markov’s inequality, it suffices to show that, for all r = 0, 1, . . . , s,

E

(
sup
θ∈Θ

n∑
t=m+τ+L

∥∥∥EθF
(r)
t−L(θ) − F

(r)
t−L(θ)

∥∥∥2
)

= o(n),

where E(·) denotes expectation with respect to the law of the noise inputs. By Assumption 11, Θ ⊂ Rp is compact,
so it is totally bounded and there exists an ϵ-net, i.e. for every ϵ > 0, there exist finitely many points θ1, . . . , θN(ϵ) for
some N(ϵ) ∈ N, such that

Θ ⊂
⋃

i∈[N(ϵ)]

Bϵ(θi),

where Bϵ(θi) is a ball of radius ϵ. By adding and subtracting the same term, the triangle inequality, Young’s inequality,
the definition of the ϵ-net for some ϵ > 0 and N(ϵ) ∈ N, and definition of the supremum,

1
2

sup
θ∈Θ

n∑
t=m+τ+L

∥∥∥Eθ

[
F

(r)
t−L(θ)

]
− F

(r)
t−L(θ)

∥∥∥2

≤ max
i∈[N(ϵ)]

n∑
t=m+τ+L

∥∥∥Eθi

[
F

(r)
t−L(θi)

]
− F

(r)
t−L(θi)

∥∥∥2

+ sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

n∑
t=m+τ+L

∥∥∥[Eθ

[
F

(r)
t−L(θ)

]
− F

(r)
t−L(θ)] − [Eθ′

[
F

(r)
t−L(θ′)

]
− F

(r)
t−L(θ′)]

∥∥∥2
.
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Taking the expectation E(·) with respect to the law of the noise inputs, we have

1
2
E

(
sup
θ∈Θ

n∑
t=m+τ+L

∥∥∥Eθ

[
F

(r)
t−L(θ)

]
− F

(r)
t−L(θ)

∥∥∥2
)

(1)
≤ E

(
max

i∈[N(ϵ)]

n∑
t=m+τ+L

∥∥∥Eθi

[
F

(r)
t−L(θi)

]
− F

(r)
t−L(θi)

∥∥∥2
)

+ E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

n∑
t=m+τ+L

∥∥∥[Eθ

[
F

(r)
t−L(θ)

]
− F

(r)
t−L(θ)] − [Eθ′

[
F

(r)
t−L(θ′)

]
− F

(r)
t−L(θ′)]

∥∥∥2


(2)
≤

∑
i∈[N(ϵ)]

n∑
t=m+τ+L

Eθi

(∥∥∥Eθi

[
F

(r)
t−L(θi)

]
− F

(r)
t−L(θi)

∥∥∥2
)

+ E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

n∑
t=m+τ+L

∥∥∥[Eθ

[
F

(r)
t−L(θ)

]
− F

(r)
t−L(θ)] − [Eθ′

[
F

(r)
t−L(θ′)

]
− F

(r)
t−L(θ′)]

∥∥∥2


(3)
≤

∑
i∈[N(ϵ)]

n∑
t=m+τ+L

Eθi

(∥∥∥Eθi

[
F

(r)
t−L(θi)

]
− F

(r)
t−L(θi)

∥∥∥2
)

+ 4
n∑

t=m+τ+L

E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

∥∥∥F (r)
t−L(θ) − F

(r)
t−L(θ′)

∥∥∥2

 ,

by (1) the previous ϵ-net inequality, monotonicity of expectation, and linearity of expectation, (2) upper bounding the
maximum by the sum and linearity of expectation, and (3) the triangle inequality, Young’s inequality, subadditivity
of the supremum, linearity of expectation, Jensen’s inequality, and monotonicity of expectation.

Step 2.2.2.1. We begin with the first term. For the following derivations, define

Tt = {(t− L− w) ∨ (m+ 1), . . . , t− L− 1, t− L}.

For all i ∈ N(ϵ), we have

Eθi

(∥∥∥Eθi

[
F

(r)
t−L(θi)

]
− F

(r)
t−L(θi)

∥∥∥2
)

(1)= tr
[
Covθi

(
F

(r)
t−L(θi)

)]
(2)= tr

Varθi

 1
w ∧ t

t−L∑
j=(t−L−w)∨(m+1)

φ

([
G

(n,r)
(j−m)/n(ε(r)

j−m, θi), . . . , G(n,r)
j/n (ε(r)

j , θi)
]>
)

(3)= 1
(w ∧ t)2

∑
ℓ,j∈Tt

tr

Covθi

φ
([
G

(n,r)
(ℓ−m)/n(ε(r)

ℓ−m, θi), . . . , G(n,r)
ℓ/n (ε(r)

ℓ , θi)
]>
)
,

φ

([
G

(n,r)
(j−m)/n(ε(r)

j−m, θi), . . . , G(n,r)
j/n (ε(r)

j , θi)
]>
)



(4)
≤ 1

(w ∧ t)2

∑
ℓ,j∈Tt

Cφ(|ℓ− j| + 1)−Kφ

(5)
≤ 1
w ∧ t

∞∑
h=−∞

Cφ(|h| + 1)−Kφ

,

by (1) equality of inner product with trace of outer product, and the definition of the covariance of this quantity as
this outer product, (2) definition of F (r)

t−L(θi) from Eq. (22), (3) expanding the trace of the covariance of the sum of
random vectors by using the linearity of covariance and trace, (4) upper bounding the trace of the covariance by its
trace norm and applying the trace norm inequality with constants Cφ > 0, Kφ > 1 from Lemma 6, (5) by enlarging
the inner summation to be over all integers and upper bounding by this quantity multiplied by the number of terms
in the outer summation, noting that the series converges because Kφ > 1 by Lemma 6.
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Denoting
∑∞

h=−∞ Cφ(|h| + 1)−Kφ by the constant C ′ > 0, since the series converges, summing over t yields
n∑

t=m+τ+L

Eθi

(∥∥∥Eθi

[
F

(r)
t−L(θi)

]
− F

(r)
t−L(θi)

∥∥∥2
)

(1)
≤ C ′

n∑
t=m+τ+L

1
w ∧ t

(2)
≤ C ′n− w

w
+ C ′

w∑
t=m+τ+L

1
t

(3)
≤ C ′ n

w
+ C ′(1 + log(w))

(4)= O(max(n/w, log(w))),

by (1) applying the previous inequality, (2) expanding the sum with the minimum, where the inequality covers both
cases when w is less than or greater than m + τ + L, (3) upper bounding the harmonic series and dropping the
subtraction by w, (4) because wn = o(n) by Assumption 17.

Step 2.2.2.2. We now consider the second term. Observe that

n∑
t=m+τ+L

E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

∥∥∥F (r)
t−L(θ) − F

(r)
t−L(θ′)

∥∥∥2


(1)
≤ 2

n∑
t=m+τ

E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

∥∥∥∥∥∥∥∥
φ

([
G

(n,r)
(t−m)/n(ε(r)

t−m, θ), . . . , G
(n,r)
t/n (ε(r)

t , θ)
]>
)

− φ

([
G

(n,r)
(t−m)/n(ε(r)

t−m, θ
′), . . . , G(n,r)

t/n (ε(r)
t , θ′)

]>
)
∥∥∥∥∥∥∥∥

2
(2)
≤ 2(m+ 1)L2

φ

n∑
t=m+τ

m∑
j=0

E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

∥∥∥G(n,r)
(t−j)/n(ε(r)

t−j , θ) −G
(n,r)
(t−j)/n(ε(r)

t−j , θ
′)
∥∥∥2


(3)
≤ 2n(m+ 1)2L2

φηG,

because (1) linearity of summation (i.e. for the rolling windows), the triangle inequality, Young’s inequality,
subadditivity of the supremum, linearity of expectation, and dividing by w from the rolling-window averages to
cancel out the factor of w due to repeated terms, (2) the random Fourier features φ are Lφ-Lipschitz with Lipschitz
constant given by Eq. (26), the triangle inequality, Young’s inequality m+1 times, subadditivity of the supremum, and
linearity of expectation, (3) upper bounding the sum by the n times the supremum over t and applying the stochastic
equicontinuity-type condition from Assumption 14. By Assumption 14, ηG −→ 0 as ϵ −→ 0. However, taking ϵ −→ 0
makes N(ϵ) −→ ∞, so we must specify the rates.

Previously, in Step 2.2.2.1 we showed that, for each fixed ϵ > 0 and N(ϵ) ∈ N, for all i ∈ N(ϵ), we have
n∑

t=m+τ+L

Eθi

(∥∥∥Eθi

[
F

(r)
t−L(θi)

]
− F

(r)
t−L(θi)

∥∥∥2
)

= O(max(n/w, log(w))).

Therefore, for any sequence (ϵn)n∈N, ϵn −→ 0 as n −→ ∞, such that N(ϵn) = o( n
max(n/w,log(w)) ), we have

∑
i∈[N(ϵ)]

n∑
t=m+τ+L

Eθi

(∥∥∥Eθi

[
F

(r)
t−L(θi)

]
− F

(r)
t−L(θi)

∥∥∥2
)

≤ N(ϵ) max
i∈[N(ϵ)]

n∑
t=m+τ+L

Eθi

(∥∥∥Eθi

[
F

(r)
t−L(θi)

]
− F

(r)
t−L(θi)

∥∥∥2
)

= o(n),

and ηG = ηG(ϵn) = o(1) so that the upper bound from (3) is 2n(m+ 1)2L2
φηG = o(n).

Putting everything together, by Markov’s inequality, we have the desired result

sup
θ∈Θ

n∑
t=m+τ+L

∥∥∥EθF
(r)
t−L(θ) − F

(r)
t−L(θ)

∥∥∥2
= op(n).
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Step 3. We show that

sup
θ∈Θ

∣∣I3
n(θ)

∣∣ = op(1).

Observe that

sup
θ∈Θ

∣∣I3
n(θ)

∣∣
(1)= sup

θ∈Θ

∣∣∣∣∣ 2
n−m

n∑
t=m+τ+L

µ̂t−L,n(θ)>
([
fobs

t − f̄ sim
t (θ)

]
− µn

t
n

(θ)
)∣∣∣∣∣

(2)
≤ sup

θ∈Θ

∣∣∣∣∣ 2
n−m

n∑
t=m+τ+L

µn
t−L

n

(θ)>
([
fobs

t − f̄ sim
t (θ)

]
− µn

t
n

(θ)
)∣∣∣∣∣

+ sup
θ∈Θ

∣∣∣∣∣ 2
n−m

n∑
t=m+τ+L

(
µ̂t−L,n(θ) − µn

t−L
n

(θ)
)> ([

fobs
t − f̄ sim

t (θ)
]

− µn
t
n

(θ)
)∣∣∣∣∣ ,

by (1) the definition of I3
n(θ), and (2) adding and subtracting the same term, linearity in the first argument of the

inner product, the triangle inequality, and the subadditivity of the supremum. We will show that both terms are
op(1).

Step 3.1. By Markov’s inequality, it suffices to show that

E

(
sup
θ∈Θ

∣∣∣∣∣ 2
n−m

n∑
t=m+τ+L

µn
t−L

n

(θ)>
([
fobs

t − f̄ sim
t (θ)

]
− µn

t
n

(θ)
)∣∣∣∣∣
)

= o(1),

where E(·) denotes expectation with respect to the law of the noise inputs. We have

sup
θ∈Θ

∣∣∣∣∣ 2
n−m

n∑
t=m+τ+L

µn
t−L

n

(θ)>
([
fobs

t − f̄ sim
t (θ)

]
− µn

t
n

(θ)
)∣∣∣∣∣

≤
s∑

r=0

2
n−m

sup
θ∈Θ

∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θ)>
[
f

(r)
t (θ) − Eθ[f (r)

t (θ)]
]∣∣∣∣∣ ,

by linearity, the definition of the terms, the triangle inequality, upper bounding the term with the true parameter θ0
by the supremum over θ ∈ Θ of that term, and the subadditivity of the supremum. By linearity and monotonicity of
expectation, it suffices to show that, for all r = 0, 1, . . . , s, we have

E

(
sup
θ∈Θ

∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θ)>
[
f

(r)
t (θ) − Eθ[f (r)

t (θ)]
]∣∣∣∣∣
)

= o(n).

By Assumption 11, Θ ⊂ Rp is compact, so it is totally bounded and there exists an ϵ-net, i.e. for every ϵ > 0, there
exist finitely many points θ1, . . . , θN(ϵ) for some N(ϵ) ∈ N, such that

Θ ⊂
⋃

i∈[N(ϵ)]

Bϵ(θi),

where Bϵ(θi) is a ball of radius ϵ. By adding and subtracting the same term, the triangle inequality, the definition of
the ϵ-net for some ϵ > 0 and N(ϵ) ∈ N, and definition of the supremum,

sup
θ∈Θ

∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θ)>
[
f

(r)
t (θ) − Eθ[f (r)

t (θ)]
]∣∣∣∣∣

(1)
≤ max

i∈[N(ϵ)]

∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θi)>
[
f

(r)
t (θi) − Eθi

[f (r)
t (θi)]

]∣∣∣∣∣
+ sup

θ,θ′∈Θ
‖θ−θ′‖≤ϵ

∣∣∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θ)>
[
f

(r)
t (θ) − Eθ[f (r)

t (θ)]
]

− µn
t−L

n

(θ′)>
[
f

(r)
t (θ′) − Eθ′ [f (r)

t (θ′)]
]

∣∣∣∣∣∣∣ .

30 of 41 pnas.org



DRAFT

3835

3836

3837

3838

3839

3840

3841

3842

3843

3844

3845

3846

3847

3848

3849

3850

3851

3852

3853

3854

3855

3856

3857

3858

3859

3860

3861

3862

3863

3864

3865

3866

3867

3868

3869

3870

3871

3872

3873

3874

3875

3876

3877

3878

3879

3880

3881

3882

3883

3884

3885

3886

3887

3888

3889

3890

3891

3892

3893

3894

3895

3896

3897

3898

3899

3900

3901

3902

3903

3904

3905

3906

3907

3908

3909

3910

3911

3912

3913

3914

3915

3916

3917

3918

3919

3920

3921

3922

3923

3924

3925

3926

3927

3928

3929

3930

3931

3932

3933

3934

3935

3936

3937

3938

3939

3940

3941

3942

3943

3944

3945

3946

3947

3948

3949

3950

3951

3952

3953

3954

3955

3956

3957

3958

3959

3960

3961

3962

Taking the expectation E(·) with respect to the law of the noise inputs, we have

E

(
sup
θ∈Θ

∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θ)>
[
f

(r)
t (θ) − Eθ[f (r)

t (θ)]
]∣∣∣∣∣
)

(1)
≤ E

(
max

i∈[N(ϵ)]

∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θi)>
[
f

(r)
t (θi) − Eθi

[f (r)
t (θi)]

]∣∣∣∣∣
)

+ E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

∣∣∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θ)>
[
f

(r)
t (θ) − Eθ[f (r)

t (θ)]
]

− µn
t−L

n

(θ′)>
[
f

(r)
t (θ′) − Eθ′ [f (r)

t (θ′)]
]

∣∣∣∣∣∣∣


(2)
≤

∑
i∈[N(ϵ)]

Eθi

∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θi)>
[
f

(r)
t (θi) − Eθi [f

(r)
t (θi)]

]∣∣∣∣∣
+ E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

∣∣∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θ)>
[
f

(r)
t (θ) − Eθ[f (r)

t (θ)]
]

− µn
t−L

n

(θ′)>
[
f

(r)
t (θ′) − Eθ′ [f (r)

t (θ′)]
]

∣∣∣∣∣∣∣


(3)
≤

∑
i∈[N(ϵ)]

Eθi

∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θi)>
[
f

(r)
t (θi) − Eθi

[f (r)
t (θi)]

]∣∣∣∣∣
+ E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

n∑
t=m+τ+L

∥∥∥µn
t−L

n

(θ) − µn
t−L

n

(θ′)
∥∥∥ ∥∥∥f (r)

t (θ) − Eθ[f (r)
t (θ)]

∥∥∥


+ E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

n∑
t=m+τ+L

∥∥∥µn
t−L

n

(θ′)
∥∥∥∥∥∥(f (r)

t (θ) − f
(r)
t (θ′)) − (Eθ[f (r)

t (θ)] − Eθ′ [f (r)
t (θ′)])

∥∥∥


(4)
≤

∑
i∈[N(ϵ)]

Eθi

∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θi)>
[
f

(r)
t (θi) − Eθi [f

(r)
t (θi)]

]∣∣∣∣∣
+ 2 sup

θ,θ′∈Θ
‖θ−θ′‖≤ϵ

n∑
t=m+τ+L

∥∥∥µn
t−L

n

(θ) − µn
t−L

n

(θ′)
∥∥∥

+ 2E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

n∑
t=m+τ+L

∥∥∥f (r)
t (θ) − f

(r)
t (θ′)

∥∥∥


(5)
≤

∑
i∈[N(ϵ)]

Eθi

∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θi)>
[
f

(r)
t (θi) − Eθi

[f (r)
t (θi)]

]∣∣∣∣∣
+ 2(s+ 3)E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

n∑
t=m+τ+L

∥∥∥f (r)
t (θ) − f

(r)
t (θ′)

∥∥∥
 ,

by (1) the previous ϵ-net inequality, monotonicity of expectation, and linearity of expectation, (2) upper bounding the
maximum by the sum and linearity of expectation, (3) adding and subtracting the cross-term with θ and θ′, the triangle
inequality, the Cauchy-Schwarz inequality, and the subadditivity of the supremum, (4) upper bounding because the
random features are bounded between −1 and 1 so the expectations must be as well, and for the last term: the triangle
inequality, linearity, subadditivity of the supremum, linearity of expectation, Jensen’s inequality, and monotonicity
of expectation, and (5) linearity of expectation, Jensen’s inequality, the triangle inequality, the Minkowski inequality,
and subadditivity of the supremum. Next, we show both terms are o(n).

Step 3.1.1. We begin with the first term. For each r = 0, 1, . . . , s, and θ ∈ Θ, denote

Y
(r)

t (θ) = µn
t−L

n

(θ)>
[
f

(r)
t (θ) − Eθ[f (r)

t (θ)]
]
, t = m+ τ + L, . . . , n,
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which admits the representation

Y
(r)

t (θ) = H
(n,r)
t/n (ε(r)

t , θ),

where the mapping H(n,r)
t/n (ε(r)

t , θ) is defined in terms of the original causal representations from Assumption 8,

H
(n,r)
t/n (ε(r)

t , θ) = µn
t−L

n

(θ)>
[
φ

([
G

(n,r)
(t−m)/n(ε(r)

t−m, θ), . . . , G
(n,r)
t/n (ε(r)

t , θ)
]>
)

− Eθ[f (r)
t (θ)]

]
.

Analogous to Assumption 15, denote the version of Y (r)
t (θ) with the j-th noise input in the past replaced with its iid

copy by

Ỹ
(r)

t,j (θ) = H
(n,r)
t/n (ε̃(r)

t,j , θ)

= µn
t−L

n

(θ)>
[
φ

([
G

(n,r)
(t−m)/n(ε̃(r)

t−m,j−m, θ), . . . , G
(n,r)
t/n (ε̃(r)

t,j , θ)
]>
)

− Eθ[f (r)
t (θ)]

]
,

where for any i ∈ N we define ε̃(r)
t−i,j−i as ε(r)

t−i if j − i ≤ 0. Observe that the time series Y (r)
t (θ) satisfies a decaying

physical dependence measure condition

∥∥∥Y (r)
t (θ) − Ỹ

(r)
t,j (θ)

∥∥∥
Lq(θ)

(1)=
∥∥∥H(n,r)

t/n (ε(r)
t , θ) −H

(n,r)
t/n (ε̃(r)

t,j , θ)
∥∥∥

Lq(θ)

(2)=

∥∥∥∥∥∥∥∥µ
n
t−L

n

(θ)>

φ
([
G

(n,r)
(t−m)/n(ε(r)

t−m, θ), . . . , G
(n,r)
t/n (ε(r)

t , θ)
]>
)

− φ

([
G

(n,r)
(t−m)/n(ε̃(r)

t−m,j−m, θ), . . . , G
(n,r)
t/n (ε̃(r)

t,j , θ)
]>
)

∥∥∥∥∥∥∥∥

Lq(θ)

(3)
≤
∥∥∥µn

t−L
n

(θ)
∥∥∥
∥∥∥∥∥∥∥∥
φ

([
G

(n,r)
(t−m)/n(ε(r)

t−m, θ), . . . , G
(n,r)
t/n (ε(r)

t , θ)
]>
)

− φ

([
G

(n,r)
(t−m)/n(ε̃(r)

t−m,j−m, θ), . . . , G
(n,r)
t/n (ε̃(r)

t,j , θ)
]>
)
∥∥∥∥∥∥∥∥

Lq(θ)

(4)
≤ Lφ

m∑
i=0

∥∥∥G(n,r)
(t−i)/n(ε(r)

t−i, θ) −G
(n,r)
(t−i)/n(ε̃(r)

t−i,j−i, θ)
∥∥∥

Lq(θ)

(5)= Lφ

min(m,j−1)∑
i=0

∥∥∥G(n,r)
(t−i)/n(ε(r)

t−i, θ) −G
(n,r)
(t−i)/n(ε̃(r)

t−i,j−i, θ)
∥∥∥

Lq(θ)

(6)
≤ Lφ

min(m,j−1)∑
i=0

Λρj−i

(7)
≤ Lφ(m+ 1)Λρj−min(m,j−1)

(8)
≤ ΛH(ρH)j ,

by (1) definition, (2) cancellation of terms and the linearity of the inner product, (3) the Cauchy-Schwarz inequality and
linearity of expectation, (4) because the random Fourier features are bounded between −1 and 1 so the expectations
must be as well, and because the random Fourier features φ are Lφ-Lipschitz with Lipschitz constant given by Eq. (26),
the triangle inequality, and the Minkowski inequality, (5) because the distances are zero for j − i ≤ 0, so it suffices to
consider the terms where j − i > 0 ⇐⇒ i ≤ j − 1, (6) using the bound on the physical dependence measure from
Assumption 15, (7) upper bounding by m + 1 times the largest term which is the “earliest” term because ρ ∈ (0, 1),
and (8) upper bounding with an expression that satisfies exponential decay condition analogous to Assumption 15,
where ΛH = Lφ(m+ 1)Λ > 0 and ρH = ρ ∈ (0, 1). Lemma 7 is therefore applicable to the time series Y (r)

t (θ).
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Let us return to the term of interest. For all i ∈ N(ϵ), we have

Eθi

∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θi)>
[
f

(r)
t (θi) − Eθi

[f (r)
t (θi)]

]∣∣∣∣∣
(1)= Eθi

∣∣∣∣∣
n∑

t=m+τ+L

Y
(r)

t (θi)

∣∣∣∣∣
(2)
≤ Cn

1
2 ΛH

∞∑
j=1

(ρH)j

(3)= Cn
1
2 ΛHKH ,

by (1) definition, (2) the second inequality from Lemma 7, noting that Eθ[Y (r)
t (θ)] = 0 for all t, r, θ, by construction,

applying the inequality on the physical dependence measure derived above, and further upper bounding with infinitely
many terms in the summation, (3) noting that the geometric series converges and the constant KH = 1

1−ρH − 1 > 0
since ρH = ρ ∈ (0, 1) by Assumption 15. Hence, for each fixed ϵ > 0 and N(ϵ) ∈ N, for all i ∈ N(ϵ), we have

Eθi

∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θi)>
[
f

(r)
t (θi) − Eθi [f

(r)
t (θi)]

]∣∣∣∣∣ = O(n 1
2 ).

Step 3.1.2. We now consider the second term. Observe that

E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

n∑
t=m+τ+L

∥∥∥f (r)
t (θ) − f

(r)
t (θ′)

∥∥∥


(1)
≤ Lφ

n∑
t=m+τ+L

m∑
j=0

E

 sup
θ,θ′∈Θ

‖θ−θ′‖≤ϵ

∥∥∥G(n,r)
(t−j)/n(ε(r)

t−j , θ) −G
(n,r)
(t−j)/n(ε(r)

t−j , θ
′)
∥∥∥


(2)
≤ Lφn(m+ 1)ηG,

because (1) the random Fourier features φ are Lφ-Lipschitz with Lipschitz constant given by Eq. (26), the triangle
inequality, subadditivity of the supremum, and linearity of expectation, and (2) by upper bounding by n times
the supremum over u ∈ [0, 1] and applying the stochastic equicontinuity-type condition from Assumption 14. By
Assumption 14, ηG −→ 0 as ϵ −→ 0. However, taking ϵ −→ 0 makes N(ϵ) −→ ∞, so we must specify the rates.

Previously, we showed that, for each fixed ϵ > 0 and N(ϵ) ∈ N, for all i ∈ N(ϵ), we have

Eθi

∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θi)>
[
f

(r)
t (θi) − Eθi [f

(r)
t (θi)]

]∣∣∣∣∣ = O(n 1
2 ).

Therefore, for any sequence (ϵn)n∈N, ϵn −→ 0 as n −→ ∞, such that N(ϵn) = o(n 1
2 ), we have∑

i∈[N(ϵ)]

Eθi

∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θi)>
[
f

(r)
t (θi) − Eθi [f

(r)
t (θi)]

]∣∣∣∣∣
≤ N(ϵ) max

i∈[N(ϵ)]
Eθi

∣∣∣∣∣
n∑

t=m+τ+L

µn
t−L

n

(θi)>
[
f

(r)
t (θi) − Eθi [f

(r)
t (θi)]

]∣∣∣∣∣
= o(n),

and ηG = ηG(ϵn) = o(1) so that the upper bound from (2) is Lφn(m+ 1)ηG = o(n).
Putting everything together, by Markov’s inequality, we have the desired result

sup
θ∈Θ

∣∣∣∣∣ 2
n−m

n∑
t=m+τ+L

µn
t−L

n

(θ)>
([
fobs

t − f̄ sim
t (θ)

]
− µn

t
n

(θ)
)∣∣∣∣∣ = op(1).

Step 3.2. Next, we show that

sup
θ∈Θ

∣∣∣∣∣ 2
n−m

n∑
t=m+τ+L

(
µ̂t−L,n(θ) − µn

t−L
n

(θ)
)> ([

fobs
t − f̄ sim

t (θ)
]

− µn
t
n

(θ)
)∣∣∣∣∣ = op(1).
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Observe that

sup
θ∈Θ

∣∣∣∣∣ 2
n−m

n∑
t=m+τ+L

(
µ̂t−L,n(θ) − µn

t−L
n

(θ)
)> ([

fobs
t − f̄ sim

t (θ)
]

− µn
t
n

(θ)
)∣∣∣∣∣

(1)
≤ sup

θ∈Θ

2
n−m

n∑
t=m+τ+L

∥∥∥µ̂t−L,n(θ) − µn
t−L

n

(θ)
∥∥∥ ∥∥∥([fobs

t − f̄ sim
t (θ)

]
− µn

t
n

(θ)
)∥∥∥

(2)
≤

(
sup
θ∈Θ

2
n−m

n∑
t=m+τ+L

∥∥∥µ̂t−L,n(θ) − µn
t−L

n

(θ)
∥∥∥2
) 1

2

(
sup
θ∈Θ

2
n−m

n∑
t=m+τ+L

∥∥∥([fobs
t − f̄ sim

t (θ)
]

− µn
t
n

(θ)
)∥∥∥2

) 1
2

(3)
≤ C

(
sup
θ∈Θ

2
n−m

n∑
t=m+τ+L

∥∥∥µ̂t−L,n(θ) − µn
t−L

n

(θ)
∥∥∥2
) 1

2

(4)= op(1),

by (1) the triangle inequality and the Cauchy-Schwarz inequality, (2) the Cauchy-Schwarz inequality, (3) the triangle
inequality and the fact that the random features are bounded between −1 and 1, so we can upper bound this average
by some constant C > 0, and (4) because this term was previously shown to be op(1) in Step 2.2 of the proof Eq. (25).
□

2.7. Auxiliary results. To begin, we derive the Lipschitz constant for the random Fourier features.
Lemma 1. The function φ = (φ1, . . . , φk) from Eq. (2) is Lipschitz with Lipschitz constant

Lφ =

 k∑
i=1

m+1∑
j=1

‖Ωi,j‖2

1/2

. [26]

Proof: For each coordinate i ∈ [k] of φ = (φ1, . . . , φk), we have, for x, y ∈ R(m+1)×d,

|φi(x) − φi(y)|

(1)=

∣∣∣∣∣∣cos

m+1∑
j=1

Ωi,j · xj + αi

− cos

m+1∑
j=1

Ωi,j · yj + αi

∣∣∣∣∣∣
(2)
≤

∣∣∣∣∣∣
m+1∑
j=1

Ωi,j · (xj − yj)

∣∣∣∣∣∣
(3)
≤

m+1∑
j=1

‖Ωi,j‖ ‖xj − yj‖

(4)
≤

m+1∑
j=1

‖Ωi,j‖2

1/2m+1∑
j=1

‖xj − yj‖2

1/2

(5)
≤

m+1∑
j=1

‖Ωi,j‖2

1/2

‖Vec(x) − Vec(y)‖ ,

because (1) the definition of the random Fourier features φ, (2) cosine is 1-Lipschitz, canceling the phase αi, and
linearity of sums and inner products, (3) the triangle inequality and the Cauchy-Schwarz inequality applied to each
inner product, (4) the Cauchy-Schwarz inequality applied to the sum of products, and (5) definition of the Euclidean
norm, which yields

|φi(x) − φi(y)| ≤

m+1∑
j=1

‖Ωi,j‖2

1/2

‖Vec(x) − Vec(y)‖ ,
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so squaring both sides, summing over i = 1, . . . , k, and taking square roots, yields

‖φ(x) − φ(y)‖ ≤

 k∑
i=1

m+1∑
j=1

‖Ωi,j‖2

1/2

‖Vec(x) − Vec(y)‖ .

□
For t ∈ N, i ∈ N, j ∈ N0, r = 0, 1, . . . , s, define

Z
(i,r)
t (θ) =

[
G

(i,r)
t−m(ε(r)

−m, θ), . . . , G
(i,r)
t (ε(r)

0 , θ)
]>

,

Z̃
(i,r)
t,j (θ) =

[
G

(i,r)
t−m(ε̃(r)

−m,j , θ), . . . , G
(i,r)
t (ε̃(r)

0,j , θ)
]>

,

where the definition of ε̃ℓ,j , ℓ ∈ Z, is from Eq. (11).
The following result establishes that the time series of random features satisfies a physical dependence measure

condition, analogous to Assumption 7.

Lemma 2. There exist Ψφ > 0, βφ > 2 such that, for some qφ > 2, all j ∈ N0, all i ∈ N, and all r = 0, 1, . . . , s, we
have

sup
θ∈Θ

sup
t∈N

∥∥∥φ(Z(i,r)
t (θ)

)
− φ

(
Z̃

(i,r)
t,j (θ)

)∥∥∥
Lqφ (θ)

≤ Ψφ(j ∨ 1)−βφ

,

sup
θ∈Θ

sup
t∈N

∥∥∥φ(Z(i,r)
t (θ)

)∥∥∥
Lqφ (θ)

≤ Ψφ.

Proof: The result follows by the fact that φ is Lipschitz with Lipschitz constant Lφ from Eq. (26), the triangle
inequality and Minkowski inequality, and applying the bounds from Assumption 7. The same line of reasoning is used
in the proof of Theorem 2, so the details are omitted.

□
The following result presents Theorem 3.2 from (11) using our notation.

Lemma 3. (Law of Large Numbers (11)). For r = 0, 1, . . . , s and θ ∈ Θ, suppose a time series X
(r)
t (θ),

t = 1, . . . , n, is generated as
X

(r)
t (θ) = G

(n,r)
t (εt, θ).

Suppose for all i ∈ N and r = 0, 1, . . . , s, there exists a q > 2, such that

sup
θ∈Θ

sup
t∈N

∥∥∥G(i,r)
t (ε0, θ)

∥∥∥
Lq(θ)

< ∞.

For some 2 ≤ h ≤ q < ∞, define the physical dependence measure at time t and sample size n as

η
(n,r)
t,j,q,h(θ) = Eθ

(∥∥∥G(n,r)
t (εt, θ) −G

(n,r)
t (ε̃t,j , θ)

∥∥∥q

h

)1/q

.

There exists a constant C = C(q, h, θ), such that for all r = 0, 1, . . . , s, θ ∈ Θ, and n ∈ N, we have

(
Eθ

[
max
ℓ≤n

∥∥∥∥∥
ℓ∑

t=1

(
X

(r)
t (θ) − Eθ

[
X

(r)
t (θ)

])∥∥∥∥∥
q

h

]) 1
q

=

(
Eθ

[
max
ℓ≤n

∥∥∥∥∥
ℓ∑

t=1

(
G

(n,r)
t (εt, θ) − Eθ

[
G

(n,r)
t (εt, θ)

])∥∥∥∥∥
q

h

]) 1
q

≤ Cn
1
2 − 1

q

∞∑
j=1

(
n∑

t=1
(η(n,r)

t,j,q,h(θ))q

) 1
q

≤ Cn
1
2

∞∑
j=1

max
t≤n

η
(n,r)
t,j,q,h(θ),

PNAS July 17, 2026 LaTex v2025 Vol. XXX No. XX eXXXXXXXXXX 35 of 41



DRAFT

4475

4476

4477

4478

4479

4480

4481

4482

4483

4484

4485

4486

4487

4488

4489

4490

4491

4492

4493

4494

4495

4496

4497

4498

4499

4500

4501

4502

4503

4504

4505

4506

4507

4508

4509

4510

4511

4512

4513

4514

4515

4516

4517

4518

4519

4520

4521

4522

4523

4524

4525

4526

4527

4528

4529

4530

4531

4532

4533

4534

4535

4536

4537

4538

4539

4540

4541

4542

4543

4544

4545

4546

4547

4548

4549

4550

4551

4552

4553

4554

4555

4556

4557

4558

4559

4560

4561

4562

4563

4564

4565

4566

4567

4568

4569

4570

4571

4572

4573

4574

4575

4576

4577

4578

4579

4580

4581

4582

4583

4584

4585

4586

4587

4588

4589

4590

4591

4592

4593

4594

4595

4596

4597

4598

4599

4600

4601

4602

and in the special case of h = 2, the inequality may be improved to(
Eθ

[
max
ℓ≤n

∥∥∥∥∥
ℓ∑

t=1

(
X

(r)
t (θ) − Eθ

[
X

(r)
t (θ)

])∥∥∥∥∥
q

2

]) 1
q

=

(
Eθ

[
max
ℓ≤n

∥∥∥∥∥
ℓ∑

t=1

(
G

(n,r)
t (εt, θ) − Eθ

[
G

(n,r)
t (εt, θ)

])∥∥∥∥∥
q

2

]) 1
q

≤ C

∞∑
j=1

(j ∧ n)
1
2 − 1

q

(
n∑

t=1
(η(n,r)

t,j,q,2(θ))q

) 1
q

+ C

n∑
j=1

(
n∑

t=1
(η(n,r)

t,j,2,2(θ))2

) 1
2

.

Proof: See the proof of Theorem 3.2 in (11). □
For u ∈ [0, 1], i ∈ N, j ∈ N0, r = 0, 1, . . . , s, define

Z(i,r)
u (θ) =

[
G(i,r)

u (ε(r)
−m, θ), . . . , G(i,r)

u (ε(r)
0 , θ)

]>
,

Z̃
(i,r)
u,j (θ) =

[
G(i,r)

u (ε̃(r)
−m,j , θ), . . . , G

(i,r)
u (ε̃(r)

0,j , θ)
]>

,

where the definition of ε̃ℓ,j , ℓ ∈ Z, is from Eq. (11).
The next result shows that the time series of random features satisfies a physical dependence measure condition,

analogous to Assumption 15.
Lemma 4. There exist constants ρφ ∈ (0, 1), Λφ > 0, such that, for some qφ > 2, all j ∈ N0, all i ∈ N, and all
r = 0, 1, . . . , s, we have

sup
θ∈Θ

sup
u∈[0,1]

∥∥∥φ(Z(i,r)
u (θ)

)
− φ

(
Z̃

(i,r)
u,j (θ)

)∥∥∥
Lqφ (θ)

≤ Λφ(ρφ)j ,

sup
θ∈Θ

sup
u∈[0,1]

∥∥∥φ(Z(i,r)
u (θ)

)∥∥∥
Lqφ (θ)

≤ Λφ.

Proof: The result follows by the fact that φ is Lipschitz with Lipschitz constant Lφ from Eq. (26), the triangle
inequality and Minkowski inequality, and applying the bounds from Assumption 15. The same line of reasoning is
used in the proof of Theorem 5, so the details are omitted.

□
The following result establishes that the time series of random features satisfies a nonstationarity condition,

analogous to Assumption 16.
Lemma 5. For some qφ > 2, some κφ ∈ [1, 4), all i ∈ N, and all r = 0, 1, . . . , s, the constant Λφ > 0 from Lemma 4
also satisfies

sup
θ∈Θ

sup
u∈[0,1]

∥∥∥φ(Z(i,r)
u (θ)

)∥∥∥
Lqφ (θ)

+ sup
θ∈Θ

∥∥∥(φ(Z(i,r)
u (θ)

))
u

∥∥∥
κφ-var,Lqφ (θ)

≤ Λφ.

Proof: The result follows by the fact that φ is Lipschitz with Lipschitz constant Lφ from Eq. (26), the triangle
inequality and Minkowski inequality, and applying the bounds from Assumption 16. The same line of reasoning is
used in the proof of Theorem 5, so the details are omitted.

□
For all times t = m + 1, . . . , n, simulation indices r = 0, 1, . . . , s, and parameter values θ ∈ Θ, recall the r-th

random feature f (r)
t (θ) at time t based on θ as in Eq. (3). The time series of random features satisfies a decaying

autocovariance condition, analogous to Proposition 1 from (12). For the following result, denote the trace norm of a
matrix A ∈ Rk×k by ‖A‖tr = tr((A>A) 1

2 ).
Lemma 6. There exist constants Cφ ≡ Cφ(ρφ,Λφ) > 0, Kφ ≡ Kφ(ρφ,Λφ) > 1 depending on the constants ρφ ∈ (0, 1),
Λφ > 0 from Lemmas 4 and 5 such that, for all t = m+ 1, . . . , n and r = 0, . . . , s, we have

sup
θ∈Θ

∥∥∥Cov
(
f

(r)
t2

(θ), f (r)
t1

(θ)
)∥∥∥

tr
≤ Cφ(|t2 − t1| + 1)−Kφ

.

Proof: Lemma 4 states that, uniformly over the parameter values, the physical dependence measure of the time
series of random features decays exponentially. In particular, this implies a (slower) polynomial decay of the physical
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dependence measure of the random features as in Assumption A.2 of (12). That is, there exist constants Aφ ≡
Aφ(ρφ,Λφ) > 0, Kφ ≡ Kφ(ρφ,Λφ) > 1 such that, for some qφ > 2, all j ∈ N0, all i ∈ N, and all r = 0, 1, . . . , s, we
have

sup
θ∈Θ

sup
u∈[0,1]

∥∥∥φ(Z(i,r)
u (θ)

)
− φ

(
Z̃

(i,r)
u,j (θ)

)∥∥∥
Lqφ (θ)

≤ Aφ(j + 1)−Kφ

.

Proposition 1 in (12) proves that a polynomial decay of the physical dependence measure is sufficient to imply a
decay of the trace norm of the autocovariance matrix of a time series. The same arguments used to prove Proposition
1 in (12) can be applied to the time series of random features for each parameter value, i.e. for all t = m + 1, . . . , n,
r = 0, . . . , s, and θ ∈ Θ we have ∥∥∥Cov

(
f

(r)
t2

(θ), f (r)
t1

(θ)
)∥∥∥

tr
≤ Cφ(|t2 − t1| + 1)−Kφ

.

Since the suprema over all θ ∈ Θ of the upper bounds are always finite, the Θ-uniform inequality from the Lemma
hold by basic properties of the supremum. □

The following result is Theorem 3.2 from (11) using our notation, which is possible because the triangle array
framework of (11) nests the locally stationary time series setting; see Examples 2 and 3 therein.

Lemma 7. (Law of Large Numbers (11)). For r = 0, 1, . . . , s and θ ∈ Θ, suppose a time series X
(r)
t (θ),

t = 1, . . . , n, is generated as
X

(r)
t (θ) = G

(n,r)
t/n (εt, θ).

Suppose for all i ∈ N and r = 0, 1, . . . , s, there exists a q > 2, such that

sup
θ∈Θ

sup
u∈[0,1]

∥∥∥G(i,r)
u (ε0, θ)

∥∥∥
Lq(θ)

< ∞.

For some 2 ≤ h ≤ q < ∞, define the physical dependence measure at time t and sample size n as

η
(n,r)
t,j,q,h(θ) = Eθ

(∥∥∥G(n,r)
t/n (εt, θ) −G

(n,r)
t/n (ε̃t,j , θ)

∥∥∥q

h

)1/q

.

There exists a constant C = C(q, h, θ), such that for all r = 0, 1, . . . , s, θ ∈ Θ, and n ∈ N, we have

(
Eθ

[
max
ℓ≤n

∥∥∥∥∥
ℓ∑

t=1

(
X

(r)
t (θ) − Eθ

[
X

(r)
t (θ)

])∥∥∥∥∥
q

h

]) 1
q

=

(
Eθ

[
max
ℓ≤n

∥∥∥∥∥
ℓ∑

t=1

(
G

(n,r)
t/n (εt, θ) − Eθ

[
G

(n,r)
t/n (εt, θ)

])∥∥∥∥∥
q

h

]) 1
q

≤ Cn
1
2 − 1

q

∞∑
j=1

(
n∑

t=1
(η(n,r)

t,j,q,h(θ))q

) 1
q

≤ Cn
1
2

∞∑
j=1

max
t≤n

η
(n,r)
t,j,q,h(θ),

and in the special case of h = 2, the inequality may be improved to(
Eθ

[
max
ℓ≤n

∥∥∥∥∥
ℓ∑

t=1

(
X

(r)
t (θ) − Eθ

[
X

(r)
t (θ)

])∥∥∥∥∥
q

2

]) 1
q

=

(
Eθ

[
max
ℓ≤n

∥∥∥∥∥
ℓ∑

t=1

(
G

(n,r)
t/n (εt, θ) − Eθ

[
G

(n,r)
t/n (εt, θ)

])∥∥∥∥∥
q

2

]) 1
q

≤ C

∞∑
j=1

(j ∧ n)
1
2 − 1

q

(
n∑

t=1
(η(n,r)

t,j,q,2(θ))q

) 1
q

+ C

n∑
j=1

(
n∑

t=1
(η(n,r)

t,j,2,2(θ))2

) 1
2

.

Proof: See the proof of Theorem 3.2 in (11). □
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3. Additional experiments
3.1. Time-average estimator.

Gaussian model. For t = 1, . . . , n, we observe
Xt = µ+ εt,

where each εt
iid∼ N(0, 1). The unknown parameter is µ, so we use 2p+ 1 = 3 random features. We aim to estimate

µ0 = 0.5.

2 1 0 1 2 3
0

1

2

3

4

5
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7

De
ns

ity

n = 100
n = 1000
True value

Fig. 5. Gaussian model. Density of parameter estimates using 2p + 1 = 3 random features.

Moving average process. For t = 1, . . . , n, we observe

Xt = µ+ ψεt−1 + εt,

where the noise inputs εt are sampled iid from the intractable g-and-k distribution. For more information about the
g-and-k distribution, see (13, 14). We set the location component to zero, the kurtosis component to 0.1, and the
c component to 0.8. The remaining components σ and g control the scale and skewness, respectively. We aim to
estimate

ψ0 = 0.5, µ0 = −3, σ0 = 0.2, g0 = 0.1.
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Fig. 6. Moving average process. Density of parameter estimates using 2p + 1 = 9 random features.

Autoregressive process. For t = 1, . . . , n, we observe

Xt = Xt−1 + ψ(µ−Xt−1) + εt,

where the noise inputs εt are sampled iid from the intractable g-and-k distribution and the initial value X0 = 3 is
known, so the model may be viewed as a discretized version of a Lévy-driven Ornstein–Uhlenbeck process. We set
the location component to zero, the kurtosis component to 0.2, and c component to 0.8. The remaining components
σ and g control the scale and skewness. We aim to estimate

ψ0 = 0.3, µ0 = 2, σ0 = 0.3, g0 = 0.2.
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Fig. 7. Autoregressive process. Density of parameter estimates using 2p + 1 = 9 random features.

State-space model. For times t = 1, . . . , n, define the latent state by

Zt = Zt−1 + ψ(µ− Zt−1) + σεt,

where each εt
iid∼ N(0, 1). For dimensions j = 1, . . . , d ≡ 25, we observe

X
(j)
t = Zt + λξ

(j)
t ,

where each ξ
(j)
t

iid∼ N(0, 1). We aim to estimate

ψ0 = 0.25, σ0 = 0.08, µ0 = 2.5, λ0 = 0.05.
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Fig. 8. State-space model. Density of parameter estimates using 2p + 1 = 9 random features.

3.2. Rolling-window estimator.

Structural time series model. We consider a two-dimensional structural time series model with cycles, trends, and an
abrupt change-point. For u ∈ [0, 1], define

Z(1)(u) = µ(1)u+ α1u≥τ + cos(2πβ(1)u), Z(2)(u) = µ(2)u− α1u≥τ + sin(2πβ(2)u).

For t = 1, . . . , n, we observe

X
(1)
t = Z(1)(t/n) + σ(1)ε

(1)
t , X

(2)
t = Z(2)(t/n) + σ(2)ε

(2)
t ,

where each ε
(1)
t , ε

(2)
t

iid∼ N(0, 1) and each σ(1), σ(2) > 0 controls the level of the noise. We aim to estimate

α0 = 1.8, τ0 = 0.28, µ
(1)
0 = −1.5, µ

(2)
0 = 0.4,

β
(1)
0 = 2.8, β

(2)
0 = 2.8, σ

(1)
0 = 0.9, σ

(2)
0 = 0.9.

4. Related work
We provide a selective overview of relevant strands of literature.

PNAS July 17, 2026 LaTex v2025 Vol. XXX No. XX eXXXXXXXXXX 39 of 41



DRAFT

4987

4988

4989

4990

4991

4992

4993

4994

4995

4996

4997

4998

4999

5000

5001

5002

5003

5004

5005

5006

5007

5008

5009

5010

5011

5012

5013

5014

5015

5016

5017

5018

5019

5020

5021

5022

5023

5024

5025

5026

5027

5028

5029

5030

5031

5032

5033

5034

5035

5036

5037

5038

5039

5040

5041

5042

5043

5044

5045

5046

5047

5048

5049

5050

5051

5052

5053

5054

5055

5056

5057

5058

5059

5060

5061

5062

5063

5064

5065

5066

5067

5068

5069

5070

5071

5072

5073

5074

5075

5076

5077

5078

5079

5080

5081

5082

5083

5084

5085

5086

5087

5088

5089

5090

5091

5092

5093

5094

5095

5096

5097

5098

5099

5100

5101

5102

5103

5104

5105

5106

5107

5108

5109

5110

5111

5112

5113

5114

1.0 1.5 2.0 2.5 3.0
0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75
De

ns
ity

0.0 0.1 0.2 0.3 0.4 0.5
0

2

4

6

8

10

12

4 3 2 1 0
0.0

0.2

0.4

0.6

0.8

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4
n = 100
n = 1000
True value

1.0 1.5 2.0 2.5 3.0 3.5 4.0
0

1

2

3

4

5

De
ns

ity

1.0 1.5 2.0 2.5 3.0 3.5 4.0
0

1

2

3

4

5

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

Fig. 9. Structural time series model. Density of parameter estimates using 2p + 1 = 17 random features.

Simulation-based estimation in statistics. Classical simulation-based approaches include the method of simulated mo-
ments (15, 16) and indirect inference (17, 18); see (19) for an overview. (20) extends these ideas by introducing
the synthetic likelihood, which is based on the idea of treating user-chosen summary statistics as normally distributed.
The method from (20) first simulates many datasets across different parameter values and calculates the summary
statistics on each dataset. It then constructs a synthetic likelihood by estimating the mean and covariance of these
summary statistics. The parameter estimate is obtained by maximizing this synthetic likelihood. This work inspired
an entire literature on synthetic likelihoods (21).

(21) introduce the Bayesian synthetic likelihood approach, which assigns a prior distribution on the parameter
and uses Markov chain Monte Carlo methods to sample from the resulting posterior distribution of the parameter
conditional on the observed summary statistics. Approximate Bayesian computation is another well-established
Bayesian approach, which tries to approximate these posterior distributions by determining whether the simulated
summary statistics are below a user-chosen tolerance level (22–24).

Lastly, we point to comprehensive surveys on neural network-based methods. These methods replace the user-
chosen summary statistics with representations learned from simulated data–parameter pairs (25, 26). Overall, these
simulation-based methods share the idea of substituting unknown quantities with their simulated analogues.
Random features in machine learning. (27) originally proposed using random features to approximate kernel-based
predictors. Following up on this work, (28, 29) showed that smooth functions can be well-approximated by a linear
combination of randomly chosen basis functions. Since then, researchers have explored using random features for a
variety of statistical tasks, such as measuring dependence (30), testing for independence (31), and testing for conditional
independence (32).
Embeddings in nonlinear dynamics. (33) initiated the “geometry from a time series” research program, which seeks to
reconstruct the attractor of a deterministic dynamical system from an observed signal. They propose concatenating
a finite number of lags of the observed signal into a vector, known as a time-delay embedding, and analyzing the
resulting space. This idea inspired many subsequent developments in nonlinear dynamics (34).

(35) shows that the time-delay embedding space is topologically equivalent to the underlying p-dimensional state
space, once 2p+ 1 lags are used for the time-delay embedding. In fact, the minimal embedding dimension is often less,
and depends on the box-counting dimension of the attractor (5). (36) shows that a generic set of 2p+ 1 experiments
suffices to distinguish two different p-dimensional parameters in analytically parametrized dynamical systems. (37, 38)
shows that only 2p+1 exact measurements at random times are needed for the observability of p-dimensional dynamical
systems.

The foundation of these 2p + 1 results is the classical Whitney embedding theorem (39). We use a probabilistic
version of this embedding theorem from (5) to establish the theoretical results for our estimators.
Limit theorems for stochastic processes. Although our theory is based on (extensions of) the physical dependence measure
of (1), numerous central limit theorems (CLTs) and laws of large numbers (LLNs) have been established under different
regularity conditions. We emphasize that the physical dependence measure conditions we use imply and are implied by
β-mixing and strong mixing conditions under certain regularity conditions (2, 3). In what follows, we review existing
CLTs and LLNs for mixing processes, mixingales, and Markov chains.
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Many CLTs and LLNs have been proven under mixing conditions, which control the decay of temporal dependence
so that observations far apart in time become asymptotically independent. For a comprehensive overview on CLTs for
strongly mixing processes; see (40) and Chapter 4 of (41). A seminal result by (42) showed that stationary processes
satisfying a strong mixing condition admit a CLT. Subsequently, (43) demonstrated stationary ρ-mixing processes
satisfy a CLT. Regarding LLNs for mixing processes, (44) and (45) proved strong LLNs for mixing processes (cf.
Chapter 3 of (41)).

We now discuss mixingales, which are a generalization of mixing processes and martingale difference sequences. (46,
47) introduced a CLT and LLN for mixingales. Chapter 2 of (48) discusses how martingale difference sequences,
strongly mixing sequences, and certain linear processes are all examples of mixingales. We also mention the
foundational work of (49), who developed a CLT for stationary processes using a martingale approximation technique.

Next, we discuss Markov chains. (50) provides sufficient conditions for a CLT to hold for Markov chains, and also
discusses relationships to results for mixing processes. (51) prove a CLT for reversible Markov chains with a finite
limiting variance. (52) provide a CLT for iterated random functions; see (53). Regarding LLNs, (54) shows that a
strong LLN holds for Markov chains. For more discussion of CLTs and LLNs for geometrically ergodic Markov chains;
see Chapter 17 of (55).
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