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Scientists increasingly express their ideas as dynamic models of
complex processes. It is often much easier to simulate these
models than to calculate the probability of their generating a
particular outcome, making likelihood-based estimation infeasible.
Existing likelihood-free approaches rely either on manually cho-
sen summary statistics or on representations learned by neural
networks. The former is error-prone and laborious, while the
latter is computationally intensive, leaving many scientists in a
difficult position. We show that the parameters of many dynamical
models can be estimated by matching a small number of random
features of the observed and simulated data. Specifically, we adapt
results from nonlinear dynamics to show that models with a p-
dimensional parameter can generically be identified from just 2p+1
random features. This leads to a simple and general estimation
strategy based on matching random features, which converges on
the true parameter values under mild regularity conditions. We
apply the methodology to discrete-time dynamical systems and
differential equations with observational noise used in ecology and
epidemiology. More broadly, our results serve as the foundation for
a class of random feature methods for simulation-based estimation
and inference.

simulation-based inference | parameter estimation | time series | nonlinear dynamics | embedding

Across scientific disciplines, dynamic models are used to describe the
mechanisms that generate natural phenomena over time. Yet the same
mechanistic detail that makes these models scientifically compelling often
places conventional likelihood-based statistical inference out of reach. In
such cases, simulation offers a way forward. Simulation-based methods assess
parameter values # by comparing certain characteristics of the observations
with those of the synthetic data generated from the model at 6. However, it
is often unclear which characteristics should be compared and which should
be treated as noise.

Many simulation-based methods rely on carefully crafted summary statis-
tics. These summary statistics are designed to be sensitive to changes in
the parameter values and to ensure identifiability. Typically, the summary
statistics are user-chosen (1, 2) or learned (3, 4).

However, both approaches face difficulties. Manually selecting summary
statistics requires substantial problem-specific effort for scientists. On the
other hand, neural network-based methods are computationally demanding
and sensitive to implementation choices.

We propose to replace both hand-crafted and learned summary statistics
with randomly chosen functions of the data. We establish that models with
a p-dimensional parameter € can be identified with generic choices of just
2p+1 random features. Our results suggest that simulation-based methods can
be made far more automatic through random features, without meaningfully
reducing precision.

Our approach combines classical probabilistic and statistical ideas with
modern random feature methods from machine learning (5) and embedding
results from the “geometry from a time series” literature (6). It is well-
established that probability distributions can be uniquely characterized by
the expectations they assign a sufficiently rich set of test functions. Indeed,
probabilists define convergence of distributions as the convergence of the
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expectations of all bounded, continuous functions; see
Chapter 4 of (7). The space of all test functions is too
rich to be practically useful, but it is well-understood
that there are smaller, more practical function spaces
that are still rich enough to be convergence-determining.
For distributions on Euclidean spaces, the expectations of
Fourier basis functions are convergence-determining; see
Chapter 5 of (7).

Our first innovation is to realize that a parametric
model can only produce a very limited variety of distri-
butions. Using ideas from embedding theory, we show
that the expectations of “almost any” 2p + 1 smooth test
functions will uniquely characterize the p-dimensional
manifold of distributions produced by a model with a
p-dimensional parameter space. Our second innovation
is to realize that it is enough to pick 2p + 1 functions at
random from one of those sufficiently-rich, convergence-
determining classes. This can be done without looking at
the data, or even understanding much about the model.
The expectations of 2p + 1 randomly chosen functions
will typically characterize the p-dimensional parameter
of the model, and the mapping from expectation values
to parameter values will be smooth. Figure 1B illustrates
this in a simple example: independent and identically dis-
tributed (iid) observations from a Gaussian distribution
with unknown mean.

This, in and of itself, is a result at the level of
probability distributions and expectations, rather than
data and estimators; it is about identification, rather
than consistency. To get an actual parameter estima-
tion procedure, we need to make additional assumptions
which allow us to reliably approximate expectation values
from observations. We show this is possible in two
regimes: long-time (or ergodic) asymptotics, and dense-
sampling (or infill) asymptotics.

The first regime applies when there is a stationary
distribution, or at least an asymptotically stationary dis-
tribution. Because a stationary process is, by definition,
one where the distribution of values over time intervals
is invariant under translation, we can meaningfully speak
of the expectation value of any function. The expectation
values of the 2p + 1 random features can then be reliably
approximated simply by taking averages of those features
over time, using classical ergodic theory and mixing
theory. Figure 1A illustrates the key steps.

The second regime applies to nonstationary processes,
precisely those where the distribution changes mean-
ingfully over time, and so the expectations of random
features also vary over time. The correct framework for
such situations is that of so-called “infill asymptotics”,
where we get more and more observations related to each
local structure of the underlying nonstationary process.
In this regime, the local expectations of the 2p+1 random
features can be reliably approximated by averages of
those features over rolling windows, which can be speci-
fied without knowledge of the data generating process.

In both regimes, we use mathematical representations
of stochastic processes as transformations of sequences of
noise inputs. Most dynamic models admit such a repre-
sentation. This can be checked by recursively expressing
each observation in terms of its past noise inputs. Ex-
amples include discrete-time dynamical systems and or-
dinary differential equations (ODEs) with observational
noise, discretized stochastic differential equations (SDEs),
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(A) (B)

Fig. 1. Key steps of the time-average procedure and example with the
normal distribution.

(A) We observe a time series X°® and simulate s replicate time series
X(T)(O), r = 1,...,s, from the model, given some value for the p-
dimensional parameter 6. Each time series is converted to time-averages
of the same k = 2p 4+ 1 random features via F(-), which yields F(X°P®)
and F(X((8)), r = 1,...,s. We then evaluate the objective by
calculating the Euclidean distance ||F(X°bs) — %Ziil F(X((0)) ||

The estimate 6 is obtained by minimizing this objective via optimization.
The rolling-window procedure for nonstationary time series is similar,

but it minimizes distances between rolling-window averages. See
Methods for details. -

(B) Let X(" = (Xt(r>)f:1, where Xt(r) i N(p,1), fort =1,...,n =
1,000, » = 1,...,s = 10. The plot shows \%ij1 F(X((0)) as a

function of the mean parameter # = p of the normal distribution, where
color denotes the value of p € [—3,3]. Three random features identify
each p value, the parameter-to-feature map is smooth, and it has a
smooth inverse.

linear and nonlinear time series models, and state-space
models.

To establish the convergence of averages to the cor-
responding expectations, we require some mild, techni-
cal regularity assumptions, which say that the impact
of any single noise input must eventually decay over
time. Under certain conditions, our assumptions are
equivalent to mixing-type assumptions concerning the
decay of temporal dependence. We also require that
the distributions change smoothly with the parameter.
Under these assumptions, we provide guarantees that
our parameter estimators are “consistent” in the sense
of statistical theory, so that our estimates converge to
the true parameter values.

Applications to biological dynamic models

We apply our random feature methods to fit prototypical
ecological and epidemiological dynamic models. We
consider additional data generating processes in the Sup-
plementary Information. Each density plot is constructed
from 1,000 independent estimates of the p-dimensional
parameter using 2p + 1 random Fourier features (see
Methods) and 10 simulations per parameter value. To
be clear, each parameter estimate is based on an inde-
pendent realization of the process and an independent
draw of 2p + 1 random features.

The experiments reported below were conducted in
Python. We optimized the objective functions using the
differential evolution solver differential_evolution
from the scipy.optimize module in the SciPy library,
although our experiments indicate that other optimizers
perform comparably. For the examples with differential
equations (ODEs), we used the Runge-Kutta 5(4) solver
RK45 from the scipy.integrate module in SciPy.
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Logistic map model. (8) popularized the logistic map as
a population model capable of producing periodic and
chaotic dynamics. Fort = 1,...,n, define the latent state
by

Zy = Pthl(l - Zt71)7

where the unknown initial value Zj is sampled from a
U|0, 1] distribution. We observe

Xt = Zt + OE¢,

where each &; id N(0,1). Our goal is to estimate
pPo = 39, og = 0.1.

The logistic map is in a chaotic regime when p = 3.9;
see (9) for more details.

=100

o

Fig. 2. Logistic map model.
2p 4+ 1 = 5 random features.

Density of parameter estimates using

SIR model.  (10) introduced the susceptible-infected-
recovered (SIR) model to describe the dynamics of in-
fectious disease transmission. For time horizon T = 50,
let (S(v),I(v), R(v))vepo,r) be defined by the system of
ODEs

as B

%(U) = —NS(U) I(v),

dI B8

@) = FS) I(0) =AI(),
dR

C ) =),

where S(v)/N, I(v)/N, and R(v)/N denote the fractions
of the population that are susceptible, infected, and
recovered at time v € [0,T], respectively, 5 > 0 is the
transmission rate, and v > 0 is the recovery rate. Let the
known initial values be S(0) = 980,000, I(0) = 20,000,
R(0) = 0, where the number of individuals is N =
S(0) + I(0) + R(0) = 1,000,000.

For t = 1,...,n, we randomly test TE, = |N/100]
people using a test with sensitivity SE; = 0.95 and
specificity SP; = 0.99. We observe the proportion of
positive tests

Xt = Z:/TEy,
Z; ~ Binomial (TE;, 7¢) ,
my = SE.I(Tt/n)/N + (1 —SPy) (1 — I(Tt/n)/N).

This model allows TE;, SE;, and SP; to change over time
t, although we keep them constant for simplicity. We aim
to estimate

50 = 05, Yo = 0.2.
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Fig. 3. SIR model. Density of parameter estimates using 2p +1 = 5
random features.

Lotka-Volterra model. (11, 12) introduced a model to

describe predator—prey population dynamics. For time
horizon T' = 20, let (Z(V(v), Z(*) (v)),e[0,7) be defined by
the system of ODEs

dzm
dv

dz(2)
dv

(v) = azW(v) = B2V (1) 23 (v),

(v) = 62V (0) 2P (v) =72 (v),

where Z(M) (v) and Z® (v) represent the prey and preda-
tor population densities (i.e. the number of individuals
per unit area) at time v € [0, T], respectively. The known
initial values are Z((0) = 21 and Z®)(0) = 9. The
components of the parameter are the prey growth rate
«a > 0, predation rate 8 > 0, predator growth rate § > 0,
and predator death rate v > 0. For t = 1,...,n, we
observe
X = 20Tt /n) + oWelV),

X3 = ZO(Tt/n) +0@e?,
where each €£1)7E§2) % N(0,1) and o™, 0(® control the
noise level. We aim to estimate
ap =08, fBo=008 & =0.06,
=12 o’ =013 o =0.19.

Fig. 4. Lotka—Volterra model.
2p + 1 = 13 random features.

Density of parameter estimates using

Discussion

We present an alternative to the existing paradigms
for simulation-based estimation. Typically, simulation-
based methods rely on user-chosen summary statistics or
on neural network-based learned representations. Both
approaches have large costs. In contrast, we reduce
the problem of estimating a p-dimensional parameter to
the problem of matching 2p + 1 random features of the
observed and simulated data. We propose two random
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feature estimators, and we prove that they are consistent
for asymptotically stationary and generally nonstationary
dynamic models, respectively.

The principle of matching random features is applica-
ble beyond dynamic models for time series data. This
suggests a broader research program on random feature
methods for various data types, including spatiotempo-
ral, network, point process, and functional data. The
key technical ingredients are: concentration inequalities
under dependence, control of the variation of the data-
generating mechanism (e.g., over space and time), and
a suitable class of random features for the dependence
structure.

Random features may also be used for uncertainty
quantification. For example, measures of uncertainty
may be obtained using a model-based bootstrap proce-
dure. That is, one first estimates the parameter, then
simulates datasets from the fitted model and re-estimates
the parameter based on each simulated dataset, then
finally calculates the empirical standard deviation or
variance-covariance matrix of the re-estimates. Addition-
ally, in a separate manuscript, we establish the asymp-
totic normality of the random feature estimators under a
slightly stronger set of assumptions, i.e. after appropriate
rescaling, their deviations from the true parameter values
converge to a mean-zero Gaussian distribution. Simula-
tion results concerning uncertainty quantification will be
reported in that manuscript.

The Supplementary Information contains the assump-
tions, theoretical results, proofs, and technical lemmata.
It also includes additional simulation results. Further, a
selective review of related literature is provided.

Methods

In this section, we introduce the notation, setting, ran-
dom features, and estimators.

Notation and setting. We observe a time series X, ¢ =
1,...,n, taking values in R? for some fixed dimension d €
N. The observed time series is assumed to arise from a
known generative model with an unknown p-dimensional
parameter 8y € © C RP, p € N. Each value of § € ©
determines a law of a stochastic process. For any value
of 6, we can use the generative model to simulate s € N

realizations of a length n time series (XY,)L(G)),.E[S]. When
we do not need to refer to a particular realization, we drop
the superscript.

NOTATION: For real numbers z,y € R, denote x Ay =
min(z,y) and x V y = max(z,y). For a vector z € R?,
denote the ¢’ norm by |z[|, and the Euclidean norm
by |lz[ = [l
bution depending on 6 € O, [ X|| 45 = (Eo ||X||q)1/q,
where Eq(-) denotes expectation with respect to this 6-
dependent distribution. For any natural number j € N,
denote [j] = {1,2,...,5}. For a sequence of random
vectors X;, t = 1,...,n, each taking values in R%, we
denote a subsequence as Xy, .4, = (X¢,,...,X¢,) |, which
takes values in R(t2=t1+1xd for some ¢4, € [n].

For a random vector X with distri-

Random Fourier features. The central idea is that we should
estimate the p-dimensional parameter 6, by matching
the values of a small number of random features of the
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simulated and observed data. Consider & = 2p + 1
randomly drawn functions 1, ..., ¢k from a distribution
D over a suitably nice function class F. The k functions
should be sampled independently of one another and of
the data. Each function ¢; : RO?Dxd _ R takes as
input a length m + 1 subsequence of the d-dimensional
time series, where m is chosen based on the dynamics of
the generative model. For instance, if the model is an
order m* Markov process, then set m = m*.

Let 21,...,2,1 be vectors in R?, and define x =
(z1,...,Tmy1) | € ROPDX Here we focus on random
Fourier features, though our framework can be used

with different random features. Specifically, we consider
random Fourier features of the form
m—+1
vi(z) = cos Z Qj-zi+a |, [1]
j=1

where €; ; S N(0, I4) and «; B U(—m,m)fori=1,....k
and j =1,...,m+ 1. Denote all £ of these functions by

,(Pk)v [2]

so that ¢ : Rm+Hxd 4 Rk Define the i-th random
feature of the observed and r-th simulated time series at
timet=m+1,...,n as

o= (p1,---

= X, 100) = e (XD00)).

Similarly, write all k¥ random features at time ¢ as
tObS - ( g]isv"'v 825)7
( [3]

) (g) = ( t(,Tl)(@)’ e t?(ﬁ)) .

Estimators.

Time-average estimator. For processes that are stationary,
or at least asymptotically mean stationary, it suffices to

consider the time-average of k = 2p + 1 random features.

Denote the time-averages of the observed and simulated
random features by

1 n
Fobs — obs
n—m Z U
t=m+1 [4]
_ 1 LI
FSim(g) = sim (g
0= 3 0

where fsm(g) = L1y £7(0).

estimator is given by

The time-average

éTA

@t (6)

, [5]

= argmin
0c©

where the sample discrepancy function is defined as
QTA(B) = Fo° — Fm(p), 6]

In practice, an optimization procedure is used to find the

minimizer of HQEA() .
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Rolling-window estimator. For many nonstationary pro-
cesses, a different approach is required because the time-
average of the (time-varying) expectations of the random
features may not converge to a limiting mean. Even when
it does converge, the limiting mean may not uniquely
identify each 6. Therefore, we introduce the following
rolling-window estimator.

For some window size w € N, denote the rolling-
window averages of the observed and simulated random
features at time ¢ by

1 t
wAt Z
j=(t—w)V(m+1)
t

g = —— )

=(t—w)V(m+1)

where fim(0) = 130 17(0).
estimator is given by

obs __ obs
Ft - f] 9

£5m0),
The rolling-window

0 = argmin [QEV(6)] [8]
0O

where the sample discrepancy function is defined as

n

A 1
Q" m Z {HAthHQ + Kt(g)} ;
t=m+7+L [9]

K (0) =2 (Ath)T ([ obs — f(0)] — [A—r])
Ap_p = FPP5 — FM(0),

A
<

N
Il

where 7 € N is an initial time-offset and L € N is a lag.
An optimization procedure is used to find the minimizer

of QY (:)|.
follows, so that they grow with the sample size n. The
lag L, is selected as [ log(n)?], the window size wy,

We select w = w,,, T = Tn, and L = L,, as

is selected as the integer within [n2,n%] that minimizes

the sum of squared distances Y .\, H Febs — ObSH
and the offset is selected as 7, = wy,.
Extensions. Some extensions are possible. First, both

estimators can be generalized by replacing the Euclidean
norm with a weighted norm, using a weight matrix given
by the inverse of a suitable estimator of the long-run
covariance matrix. Second, the sample averages used
in both estimators can be replaced with different mean
estimators.

Summary of theory. We prove that both estimators are
consistent under the regularity conditions stated in the
Supplementary Information. The key idea used is the
fractal Whitney embedding prevalence theorem; see The-
orem 9.1 in (13). This result allows us to embed the p-
dimensional parameter space © into R??*! with “generic”
choices of random features. (The exact definition of
genericity is given in the Supplementary Information.)
Another important part of our analysis is the represen-
tation of stochastic processes as functions of past noise
inputs. This representation dates back to the work of (14)
and (15), although its utility for statistical inference was
first articulated by (16). Later work extended this theory
to the nonstationary setting (17—20). Our analysis builds
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on ideas from this literature and may be of independent
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Data, Materials, and Software Availability. The generated data that
support the findings of this study will be made publicly available
and are available to editors and referees during peer review. The
code will be made publicly available in a GitHub repository and is
available to editors and referees during peer review.
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1. Theory

In this section, we present the assumptions and theoretical results for the estimators.

1.1. Noise inputs. Let (g;);c, be an iid sequence of random variables. Let (ér)) ,7=0,1,...,s, be iid copies of
i€Z
(€i);cz- Define the sequence of noise inputs up to time ¢ as
Et = (&'t,Etfl,...), [10]
and define sﬁ”, r=0,1,...,s,analogously. For each timet = 1,...,n, we express X" and each Xt(r) (0) as functions of

one of these noise inputs. In practice, simulations only use finitely many noise inputs. However, considering a countably
infinite sequence of noise inputs is convenient for several reasons. For instance, this allows us to accommodate sequences
of simulation models which are approximations to the true data generating process, where the approximation improves
by using a growing number of noise inputs in the burn-in period.

Let (¢7),cz be an iid copy of (&);4. For t € Z, j € Ny, define
5,5’]' = (Eta~~~75t7j+1752;j75t7j717~~) s [11]
and define ég? ,7=0,1,...,s, analogously. & ; is the sequence of noise inputs ¢; with the innovation from j steps in

the past, €;—;, replaced by an iid copy &;_;. Intuitively, the output of the generative model at time ¢ changes if we
replace the noise input from j steps ago with an iid copy because the process at time ¢ is a function of the past noise
inputs. Our central assumption is that the generative model’s current output becomes increasingly insensitive to the
j-th noise input in the past as j grows.

To formalize this, we use the physical dependence measure of (1). Under certain regularity conditions, the physical
dependence measure conditions we impose imply and are implied by S-mixing and strong mixing conditions (2, 3).

1.2. Results for time-average estimator. We state sufficient conditions for 6T~ from Eq. (5) to be consistent. The main
result is stated in Theorem 3. In a separate paper focused on statistical inference, we establish asymptotic normality
under slightly stronger conditions, which implies a convergence rate of O(1/y/n).

In this setting, we use long-run asymptotics. That is, n increasing corresponds to observing the process further into
the future. We allow the observed and simulated time series to be generated by approximations to a limiting data
generating process. This accommodates many settings with imperfect observations (e.g., observing residuals rather
than errors), discretization errors, unknown initial values, and growing burn-in periods.

Foreacht € N, 1 e N, r =0,1,...,s, the measurable mapping Gﬁ”) is from R>® x © to R¢ and (GEM) (€5,0))jez
is a stationary ergodic process. The observed and simulated time series may be nonstationary because the mappings
may change over time ¢t € N. Throughout, we endow R> with the g-algebra generated by all finite projections. The

mapping GE’*’”) can be understood as an approximation to some limiting mapping G,ET), where the approximation
improves as i grows and the dependence on 7 allows for random initial conditions. See Assumption 2 and the following
discussion for more details. The superscript may be ignored if approximations are unnecessary.
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The index n € N is linked to both the approximation and the sample size.

Assumption 1. The observed and simulated time series of length n € N are
X = G0 0g),  x70) =G ED0), =1, [12]
forallr=1,...,s and 0 € O.

Oftentimes, we can take the observed time series to be generated by the limiting mapping, i.e. ng,o) = G§°) for
all n € N. The following assumption imposes the convergence to limiting mappings as the approximation level grows.
Note that no rate of convergence is required. We write ¢y because it has the same distribution as each &;.

Assumption 2. For eacht € N andr =0,1,...,s, there exists a measurable mapping G,(f) :R™® x © — R? such that
(GET) (€5,0))jez is a stationary ergodic process, and for some g > 2, as n — 0o, we have

> — 0.
L£4(0)

Under Assumption 1, the k = 2p + 1 time-averages from Eq. (4) can be written as

1 n n T
e S ([t GO )]

sup (nZHG nr) (€0,0) — G(T)(Eo,e)‘

0co

nemy It
[13]
=si 1 n,r n,r r T
= 5 [ (e ot o] )]
t=m-+1 r=1

>
Denote by Pe(;) the distribution of [Gg?m (e—m,0),..., Ggr) (eo, 9)} , where m is the number of lags in the random

features ¢ from Eq. (2). We impose asymptotic mean stationarity by requiring the time-average of the distributions

(Po(?)tGN to converge weakly to a limiting distribution Py which depends neither on ¢ nor r, uniformly over 6 € O.

For example, this allows us to consider discrete-time dynamical systems with unknown initial value.

Assumption 3. For all 6 € O, there exists a limiting distribution Py, such that, for all ¥ = 0,1,...,s, we have, as
n — 0o,

sup / o(x) dpéz(x) - / o(x)dPy(z)| — 0,

6cO R(m+1)xd R(m+1)xd
for all continuous, bounded functions ¢ : RUMTD*d R where PG(Q = njm ?:m+1 PH(;).

Next, we introduce mappings ® : R? — R*, whose restrictions to © satisfy
Dlo(8) = / o(z)dPy(z), 6 € 0. [14]
R(m+1)xd

Under Assumptions 1-3, the limiting expectation values of the k = 2p + 1 random features of the time series coincide
with @ restricted to ©. Roughly speaking, we would like to say that, on O, for “generic” choices of the k = 2p + 1

random features, we have that ® is C', ! exists, and ®~! is also C'. For more details, see the proof of Theorem 2.

(4) introduce the following genericity axioms, which serve as desiderata for a notion of “generic”. For a topological
vector space V', we desire that:

1. A generic subset of V' is dense in V.

2. If F O FE and F is generic, then F' is generic.

3. A countable intersection of generic sets is generic.
4. Every translate of a generic set is generic.

5. A subset E of finite-dimensional Euclidean space is generic if and only if £ is a set of full Lebesgue measure.

The topological notion of genericity is based on the idea of residual sets, defined as a countable intersection of open,
dense sets. The Baire category theorem states that residual subsets of Baire spaces are dense. However, the Lebesgue
measure of these residual sets can be zero; see (4) for examples. As a result, the topological notion of genericity does
not satisfy Axiom 5. Hence, it would be of interest to use a measure-theoretic notion of “generic”.

As discussed in (4-6), the difficulty with statements asserting that a property holds for “almost every” smooth map
is that the space of all smooth maps is an infinite-dimensional space. The idea of probability one in finite dimensions
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does not extend in any canonical way to infinite-dimensional spaces. Nevertheless, it is desirable to formalize the idea
that a property holds for “almost all” maps. To do this, we adopt the notion of prevalence from (4), which therein is
shown to satisfy all of the genericity axioms.

Definition 1. (Prevalence (4)). Let V be a completely metrizable topological vector space. A Borel set E C V is
said to be prevalent if there exists some Borel measure p on V' such that:

1. 0 < u(C) < oo for some compact subset C of V.

2. The set E + v has full g-measure (that is, the complement of E 4 v has measure zero) for all v € V.
In this literature, it is common to say that, if £ C V contains a prevalent Borel set, then “almost every” element
of V lies in E. In this sense, “almost every” smooth map from R? to R has the following properties.

Theorem 1. (Fractal Whitney Embedding Prevalence Theorem (5)). Let © be a compact subset of R? of
box-counting dimension p', and let k be an integer greater than 2p’. For almost every C' smooth map ® : RP — R¥:

1. ® is one-to-one on O.

2. ® is an immersion on each compact subset of a smooth manifold contained in ©.

We impose the following conditions so that we may apply Theorem 1. Let P (R(m+1)><d) denote the space of

probability measures on R("+1)xd,

Assumption 4. The following conditions hold:
1. © is a compact subset of RP with non-empty interior.

2. The map 0 — Py is a bijection.

3. For some open set O D O, the map 0 — Py admits an extension p: O — P (R(m“)Xd) that is Fréchet C' on O
with respect to the total variation norm.

That is, there exists an open set O C RP with © C O and amapp: O — P (R(mH)Xd), such that p(#) = Py for

all § € ©, and p is Fréchet C' on O with respect to the total variation norm. We impose structure on the extension
p from Assumption 4 by linking it to ® through the definition of the function class

C¢{<I>:R”—>IR{’“

Dlp(0) = /R(MH)M o(z)dp(0)(x), ®is C' on RP\ @} ,

and let C = Ugaefk C,. In words, C consists of all functions ® : RP — R* whose restriction to the open set O C RP
from Assumption 4 coincides with the expectations of the k random features with respect to p(#),0 € O, for some

@ € F* and which admit a C' extension to the rest of RP, the existence of which is ensured by the (7) extension
theorem and its generalizations.

Theorem 2. Suppose Assumptions 1-4 hold. Then the limiting expectation values of the k random features are C*-
smooth in the parameter values, so C C C1(RP R¥). Furthermore, once k > 2p+ 1, almost every C* smooth map from
RP to R* is one-to-one on ©, and is an immersion on each compact subset of a smooth manifold contained in ©.

To simplify the presentation of the following results, we make the assumption that the £k = 2p + 1 random features
yield such a function.

Assumption 5. The function ® from Eq. (14) is one-to-one on O, and is an immersion on each compact subset of a
smooth manifold contained in ©.

Therefore, if we knew ®, then we could smoothly translate between the values of § and expectations of the random
features ®(0).
The following stochastic equicontinuity-type assumption is useful for establishing the consistency of the estimator.

Assumption 6. For alli € N, allr =0,1,...,s, and all € > 0, there exists an ng > 0 such that

sup E sup HGEi’T)(EO, 0) — GE”) (€0,0") ‘ < ng,
teN 6,0'€©
[[0—0¢"]|<e

with ng — 0 as € — 0, where the expectation E(-) is taken with respect to the law of the noise inputs.

The next assumption controls the temporal dependence uniformly over O, so that we can estimate the expectations
of the random features based on their time-averages. Specifically, we impose a uniform moment bound and a uniform
polynomial decay of the physical dependence measure of (1).
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Assumption 7. There exist ¥ > 0, 8 > 2 such that, for some ¢ > 2, all j € N, alli € N, and all 7 =0,1,...

have
i 7) (1, 7) . -8B
sup sup G (€0,0) — Gy (€0,5,0 <U(jvI1)~7,
0€0 teN La(6)
(ir) H
sup sup ||G,"" (g0, <y,
sup e [l o0,

where &y ; is from Eq. (11).

We now establish the consistency of the time-average estimator 6™ from Eq. (5).

Theorem 3. If Assumptions 1-7 hold, then 6TA Ly g,

1.3. Results for rolling-window estimator. We present assumptions that guarantee the consistency of the rolling-window

estimator 6%W from Eq. (8). The main result is Theorem 6. In a separate manuscript focused on statistical inference,

we prove asymptotic normality under slightly stronger conditions, which implies a O(1/+/n) rate of convergence.
In this section, we rescale time to the unit interval and use infill asymptotics as in the literature on locally stationary
processes by (8, 9). As n grows, an increasing number of observations related to each local structure of the process

become available. The rolling-window estimator introduced here can be used to fit models with very general forms of
nonstationarity, such as ordinary differential equations (ODEs), state-space models with covariates and control inputs,

and structural time series models with complicated trends, seasonality, change-points, and “rough” nonstationarity.

The observed and simulated time series may be generated by approximations to a limiting data generating process.

For example, this distinction allows the observed time series to be based on observed residuals rather than errors, or
to consist of imperfect observations of an exact solution of an ODE. Similarly, the simulated time series can be based
on an ODE solver with observational noise processes that have growing burn-in periods.

We represent the generative model using measurable mappings.

For each u € [0,1], 7 € N, r = 0,1,...,

s, the

mapping G is from R x O to RY and (G br) (€4,0))jez is a stationary ergodic process. The time series may be

nonstationary because the mappings may change over rescaled time u € [0, 1]. The mapping Gl(f’r)

to a limiting mapping. When an approximation is not needed, the superscript can be ignored.
The index n € N is linked to the sample size and approximation.

Assumption 8. The observed and simulated time series of length n € N are

obs
)(t

forallr=1,...,s and 6 € O.

= GO, 00,

t/n

X(0) =G (el

t/n

"09), t=1,...,n,

is an approximation

[15]

In many situations, we can take the observed time series to be generated by the limiting mapping, i.e. G&"’O) = G&O
for all w € [0,1]. The next assumption imposes convergence to the limiting mapping, with no required convergence
rate. Note that ¢y has the same distribution as ¢; for all t € Z.

Assumption 9. For each u € [0,1], there exists a measurable mapping G, : R® x © — R such that (Gy(g;,0)) ez

is a stationary ergodic process, and for some ¢ > 2 and all T =0,1,...,

sup sup HGS}"”)(eo,G)qu(so,@)‘

0€® uel0,1]

s, as i — 00, we have

— 0.
£4(6)

Under Assumption 8, the observed and simulated rolling-window random features at time ¢ can be written as

Fobs _ 1
¢ wAt
_ 1
FSlm 9 —
p(0) =

For all u € [0,1], denote by Py, the distribution of [Gy(e_p,,0),. ..

t

j=(t—w)V(m+1)
t

J=(t—w)V(m+1)

2 v ({GE?’%)M( S
1 g (n,r)
> S ;‘P ([G(a m) /(€

used in the random features. We introduce mappings ®,, : R? — R*
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€ [0,1], whose restrictions to © satisfy
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,Gu(z0,0)]", where m is the number of lags

[16]
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Under Assumptions 8 and 9, the expectation values of the k = 2p 4+ 1 random features at rescaled time u € [0, 1]
coincide with ®,, restricted to ©.
Unfortunately, in general, we cannot embed © into R* using ®,, at one particular rescaled time u € [0, 1]. To see this,

consider a family of stochastic processes defined by X(0) = cos(62nt/n) + &, t = 1,...,n, where each & B N(0,1)
and 6 € [0, 10]. For u € [0, 1] and m = 0, denote by Py ,, the distribution of cos(02ru) + ¢y, i.e. Py, = N(cos(02mu),1).
Clearly, for two different parameters 6; # 05, it is possible for Py, ., = Fp, . Of course, this also occurs in more
complicated dynamic models, such as differential equations. To deal with these situations, we make the following
reparametrization assumption.

Assumption 10. For all u € [0,1], there exists a Lipschitz mapping g, : © — O, defined by gu(0) = 0, where

w={gu(0) : 0 € O} is a subset of R? for some p € N, and there exists a function G, : R® x ©,, — R such that
Gu(e0,04) = Guleo,0).

For each fized u € [0, 1], (G’u(ej,éu))jez is a stationary ergodic process.
In the previous example, we may take g,(0) = cos(627u). Similar ideas apply for our experiments with the rolling-
window estimator (e.g., with ODEs). When 6 — Py, is a bijection for all u € [0, 1], we may always take g, (0) = 0.
Going forward, let ]557““ denote the distribution of [Gu(s,m, 04),-..,Guleo, éu)] i Now, we introduce the mappings
éu : R? — R* whose restrictions to (:)u satisfy

blo, @)= [ pla)dpy, (o) 17)

Under Assumptions 8-10, the limiting local expectation values at rescaled time u € [0,1] of the k = 2p + 1 random
features of the time series are given by éu(éu), 0, € ©,. We would like to say that, on ©,,, for “generic” choices of the
k = 2p + 1 random features, we have that ®, is C!, its inverse exists, and is also C*. Again, we adopt the notion of
prevalence from Definition 1 and use the fractal Whitney embedding prevalence theorem. For convenience, we restate
the theorem here in the notation of this section.

Theorem 4. (Fractal Whitney Embedding Prevalence Theorem (5)). Let O. be a compact subset of R? of
box-counting dimension p, and let k be an integer greater than 2p. For almost every C* smooth map ®,, : RP — R¥:

1. <I)u is one-to-one on @u.

2. ®, is an immersion on each compact subset of a smooth manifold contained in ©,,.

We impose the following conditions so that we may apply Theorem 4 at each rescaled time u € [0,1]. Denote by
P (Rm+Dxd) the space of probability measures on R(m+1)xd,

Assumption 11. The following conditions hold for all rescaled times u € [0,1]:

1. ©, is a compact subset of R?, and © is a compact subset of R with non-empty interior.

2. The map 0, — }Sgu’u is a bijection.

3. For some open set O, O (:)u, the map G, Péu,u admits an extension P, : Oy, — P (R(m+1)Xd) that is Fréchet
C' on O, with respect to the total variation norm.

That is, for all u € [0, 1], there exists an open set 0, C R? with ©, c O, and a map Py : Oy — P (R(m+1)Xd), such
that P, (6.) = [f’éwu for all @ € ©, and p,, is Fréchet C! on O with respect to the total variation norm. We impose

structure on these extensions p.,, u € [0,1], by linking them to ®,, u € [0,1], through the definition of the function
classes

Cup = {éu : R? — RF

Bolo, () = / o(2)dPu () (), By is CF on RP \ éu} ,
R(m+1)xd

for u € [0,1], and let C,, = |J oeF Cu,p- In words, C, is the collection of all functions ®,, : R? — R* whose restriction

to the open set O, C R? from Assumption 11 coincides with the local expectations of the k random features with
respect to pu(ﬂu) 6, € O,, for some ¢ € F*, and which admit a C' extension to the rest of R?, the existence of which
is ensured by the (7) extension theorem and its generalizations.

Theorem 5. Suppose Assumptions 8-11 hold. Then, for all u € [0,1], the limiting local expectation values at rescaled
time u of the k random features are C'-smooth in the parameter values, so C, C CI(RP R¥).  Furthermore, for all
u € [0,1], once k > 2p+1, almost every C* smooth map from R? to R is one-to-one on ©,, and is an immersion on
each compact subset of a smooth manifold contained in ©,.
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To simplify the presentation of the results below, we make the assumption that the & = 2p + 1 random features
yield such a function.
Assumption 12. For each u € [0,1], the mapping ®, from Eq. (17) is one-to-one on ©., and is an immersion on
each compact subset of a smooth manifold contained in ©,.

Next, we assume that the paths of distributions (Pa, .« )uefo,1]s (Pos,u)ue(o,1] are sufficiently distinguishable, in some

sense, for any two different parameters 61,602 € ©. This is a mild condition, as we still allow Py, ,, = Py, ,, for all but
a measurable amount of rescaled times.

Assumption 13. For all 01,05 € O, if 01 # 02, then there exists a subset Up, o, C [0, 1] with positive Lebesque measure
such that Py, o, # Po, . for all u € Uy, o,.

We have stated the core assumptions, so we may now sketch the main ideas of the proof of Theorem 6, which shows
the consistency of gRW By Assumption 13, for any two different parameters 91, 02 € ©, we have that Py, ,, # Py, for

all u € Uy, 9,. Since Py, ,, # Py, o, for all u € Uy, p,, we also have that P w F P « for all u € Uy, 9, because
Pgu(g), = Py, is the distribution of

[éu(e—magu(a))7 R éu(&-Oagu(G))}T = [Gu(g—ma 0)7 ) Gu(&‘o, 9)]T

Therefore, for all u € Uy, 9,, we have that g,(61) # gu(62) because 0, Péu,u is a bijection for all w € [0,1] by
Assumption 11. We also have that ®,, (g, (61)) # ®u(gu(62)) for all u € Uy, 4,, because by Assumption 12, 8, — @, (6,,)
is one-to-one for all w € [0,1]. This also implies that ®,,(61) # ®,(02) for all u € Up, o, by the definitions of ®,, and
®, from Eq. (16) and Eq. (17), respectively, because P . (0),u = Po.u as discussed above. Thus, if ®, were known, we
could distinguish 6y and 65 by looking at the expectatlon values of the random features ®,,(6;) and ®,(02) at rescaled
times u € Uy, 6, -

We use the following stochastic equicontinuity-type assumption to establish the consistency of the estimator.

Assumption 14. For alli € N, allr =0,1,...,s, and all € > 0, there exists an ng > 0 such that

. ) 2

sup B[ sup |[GU(e0,0) — G (0, 0)
u€(0,1] 0,0'c©
lo—0"[<e

< na,

with ng — 0 as € = 0, where the expectation E(-) is taken with respect to the law of the noise inputs.

The next assumptions control the temporal dependence and nonstationarity uniformly over ©, so that we can
estimate the expectations of the random features ®,(0) at all v € [0,1] and # € ©. First, we impose a uniform
moment bound and a uniform exponential decay of the physical dependence measure of (1).

Assumption 15. There exist constants p € (0,1), A > 0, such that, for some ¢ > 2, all j € N, all i € N, and all
r=0,1,...,s, we have

sup sup |G (e0,0) = G (00| <A,
0€0 uel0,1] L£3(6)
sup sup HGS’T) (€0, H)H <A,
€O uel0,1] L£4(0)

where g ; is from Eq. (11).

Second, we impose the following regularity condition to control the nonstationarity, which allows for smooth changes,
abrupt change-points, and “rough” nonstationarity. Define

Gl 0 _ HG i r) 9 el 0.0 Hn
H< “ (EO ))“ r-var,L£9(0) 0=uo<S].‘.1.p<uz=1 Z E - 1( ) L£3(0)
LeN

Assumption 16. For some q > 2, some k € [1,4), alli € N, and all r = 0,1,...,s, the constant A > 0 from
Assumption 15 also satisfies

<A.
r-var,L£d(0)

sup  sup HGEf’T)(Eo,G)H , T sup H( (20,0 )
€O uel0,1] a( USC)

Next, we specify the rates of growth for the window size w,,, the offset 7,,, and the lag L,, from Eq. (9). This ensures
that we can improve our estimates of the local expectation values of the random features at u € [0, 1] as we gain more
observations near rescaled time w.

Assumption 17. Recall ¢ > 2 from Assumption 15 and k € [1,4) from Assumption 16. Assume that q, K, (Wn)neN,
(Tn)nen, and (Lp)nen satisfy:
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1. 7 = o(n).

2. wy > ng, wy, = o(n), and wyn

max(1—2/

%,0)

= o(n).

3. Ly, > log(n)* for some a € (0,1), Ly, < T, Ly < n="%, and Ly, = o(n=<).

We now establish the consistency of the rolling-window estimator 6%Y from Eq. (8).

Theorem 6. If Assumptions 8-17 hold, then AN

2. Proofs

2.1. Proof of Theorem 1. See the proof of Theorem 2.3 in (5).

2.2. Proof of Theorem 2.

Step 1: Limiting expectations. We claim that under Assumptions 1-3, V0 € O, the limiting expectation values of the k
random features of the time series are given by

0= [ e@dn)

That is, for all # € © and all r € {0,1,..., s}, we have, as n — oo,

1 n
n—m Z

t=m+1

o ([elel,

)

0),...

e )] )] - 0t0)

Note that the time series have this causal representation by Assumption 1.

Observe that

1 n
O Ele

t=m-+1

n

> 5

t=m+1

1 n
B n—m :E:: ng

+
n—m

2 o),

t=m-+1

n

> 5

t=m+1

( [Gﬁ’m
(s
o (le

(I

7‘) (6

(r)

t—m>

t—m

(r)

t—m

(r)

(

( (r)

()

Et—m>

.

9),...,GU) (D), 9)} )] —3(0)
T

e 0)s G, 0)] )}

;
). G0 0] )]

9),...,G§*)(5§7">,9)]T>] ¥10)

[18]

where (1) is from adding and subtracting the corresponding term with the limiting mapping and by applying the
triangle inequality, and (2) holds because both terms are o(1). Specifically, the second term is o(1) by upper bounding
the £ norm ||-|| by the ¢; norm (i.e. over the k random features) using the monotonicity of norms, linearity, and applying
the weak convergence from Assumption 3. The first term is o(1) because the approximations can be asymptotically
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replaced by the limiting mappings, i.e. because for all # € © and all r € {0,1,..., s}, we have

Z Ee[ ([ ”’”>(a§’m,e),...,G§""‘>(5§’”>,9)}T>}

t m+1
1 ¢ () (") GO ()
n_mt:%;lm {w([Gt (2010, 9]

(n,r) ( _(r) (nr (r)
w1 o Je([emEne. e e o))

Sn—m Z

i —so([Gm(s&“m,e)w..,GE’”(sﬁ’“%e)] )

£1(0)
@, 1 Ve (G0 6 0)
= Mo
nem | = Vee (G (e0,.0), . G, 0) o
( .
(n.r) (") (r) (.(r)
Z ZHG € ]?0) Gt—j(st—jag)‘ﬁl(e)
t m+1 j=0
(4) 1 1 &
< L,—r D= H (nr) (1) gy _ G ,9‘
< wl_m/n(m+ )(n; G 0) — G (e e,
(5)

- 0(1)7

where (1) holds by linearity of summation, the triangle inequality, linearity of expectation, and Jensen’s inequality,
(2) holds because the random Fourier features ¢ are L,-Lipschitz with Lipschitz constant given by Eq. (26), (3) holds
by the triangle inequality and Minkowski inequality, (4) follows by upper bounding the original quantity by m + 1
times full sum (i.e. by including more non-negative terms in the summation), factoring out 1/n, and noting that each

(G’Ei’r)(aj7 0))jez, (G,(f) (€5,0))jez is a stationary ergodic process for each fixed t € N, ¢ € N, and r = 0,1, ..., s, which
allows us to shift the noise inputs, and (5) is from applying the convergence condition from Assumption 2.

Step 2: Smoothness. Next, we show that C from Theorem 2 consists of C'-smooth functions ®. To begin, we establish
that the map 6 +— ®(#) is differentiable on the open set O from Assumption 4. For any ¢ € F*, define the linear
functional

L0 = [ ela)duta),
R(m+1)><d
which maps probability measures on R(m+1)x4 to R* For # € O, denote the derivative
el =o ([ cwaow)n=[  cdopoin.
R(m+1)xd R(m+1)xd

where h € RP. For all § € O, we have, as ||h| — 0,

|B(0 + h) — @(6) — DO(6)[A]]|

) ||fR<m+1)X(J|Z|(| )dp(0 + 1)(2) = fpaninca 9(2) AP(O)(2) = Jgimin<a 9 A(DP(O)[R]) ||
@ [|Tp(p(0 + 1)) — T,(p(9)) — Tw(Dp(9)[l|ﬂh)||||

®) [To(p(0 +h) — 1;1(9)”h|Dp(9)[h])ll

@ ol Ip(6 + h)p((?})l Dp(0)[A]llrv

© Ip@+ 1) —p(®) — Dp(O)[h]lry

0, 2]
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by (1) the definition of ®, (2) the definition of Ty, (3) the linearity of Ti,, (4) upper bounding by the sup norm
multiplied by the total variation norm, (5) the boundedness of the random Fourier features so that [[¢[| ., < 1, and
(6) because p is Fréchet C'! on O with respect to the total variation norm by Assumption 4.

Next, we establish the continuity of § — D®(f) on O. By Assumption 4, we know that the map 6 — Dp(0) is
continuous on O. That is, for all # € O and all € > 0, there exists a § > 0 such that for all ' € O, if ||§ — 0’| < J, then

1Dp(0) — Dp(0')|,,, = e, 1Dp(0)[h] — Dp(0) ]l py < €.

Observe that, for all # € O and all € > 0, there exists a § > 0 such that for all 8" € O, if |0 — 0’| < §, then for
[D®(0) = DL(0")]|,, = sup [[D(O)[h] — DO(6")[]|| we have
lInll<1

ID®(0) — D ()],

(1) ’
Lo edop@) = [ odDp)

R(m+1)xd

2 \1,(Dp(6)) - T,(DP(@))],,

@1, (Dp(9) — DR@))II,,

(4)
< lello 1Dp(0) — Dp(6")]l,
(5)

< | Dp(0) — Dp(6') ],

(6)
<€

)

by (1) the definition of D®, (2) the definition of T, (3) the linearity of Ti,, (4) upper bounding by the sup norm
multiplied by the operator norm, (5) the boundedness of the random Fourier features so that ||¢|, < 1, and (6)

because p is Fréchet C! on O with respect to the total variation norm by Assumption 4. This shows that the map
6 — ®(0) is C* on O. The (7) extension theorem ensures the existence of a C'! extension to the rest of RP. Therefore,
C consists of C'-smooth functions, i.e. C C C*(R?,R¥).

Step 3: Embeddings. Lastly, by Assumption 4, © is a compact subset of RP with non-empty interior, so the box-counting
dimension is p. Thus, once k > 2p + 1, the fractal Whitney embedding prevalence theorem (Theorem 1) implies that
embeddings are prevalent in C'! (0, R¥); specifically, “almost every” (in the sense of prevalence) smooth map from R?

to R¥ is one-to-one on © and is an immersion on each compact subset of a smooth manifold contained in ©.
O

2.3. Proof of Theorem 3.

Setup. We will use Corollary 3.2 of (10) to conclude that 6TA is consistent. The sample discrepancy function,
from Eq. (6), is given by

QAI0) = P = ),
and the population discrepancy function is given by

Q™ (0) = ®(6) — 2(0).

To use Corollary 3.2 of (10), it suffices to show that, under the assumptions of Theorem 3, the following conditions
hold:

L [[QE@™)|| < 0p(1) + inface | @FA(6)] |
2. inf||9,90“>5 HQTA(G)H > 0 for each ¢ > 0.

et @-@™®)|
3. SWoee TG @ [ Ia™ @) op(1).

Condition 1. We defined the time-average estimator from Eq. (5) as

t§TA

QR (0)

= argmin
0c©

)
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with a slight abuse of notation (since argmin is a set) because we have implicitly assumed that the sample objective
function attains the infimum and that it is unique, i.e.

@@= g o

Therefore, the desired result is immediate

@] = ot @@ < oot + ot @)

Condition 2. We establish that the infimum is strictly positive through contradiction. Assume for contradiction that
there exists a § > 0 such that -
inf 0)|| =0.
T e
Then by applying the definition of infimum, there exists a sequence (6,)nen, where ||6,, — 6g|| > § for all n € N, such
that lim,— ||QTA(9n)’| = 0 by continuity with respect to . By Assumption 4, © is a compact subset of RP, hence
O is also sequentially compact, i.e. every sequence of parameters in © has a convergent subsequence converging to
a parameter in ©. Thus, there exists a subsequence (6,,);en, where ||9n_7~ - 00H > § for all j € N, and a parameter

0* € O satisfying ||QTA(0*)H = 0, such that ¢,,;, — 0" as j — oo. By Assumption 5, the function ® is one-to-one, so

the function Q™ only takes on the value zero at the true parameter 6y, which means that 8* = 6.
However, by the continuity of 6 — [|6 — 6|, we have ||, — 6o|| — [|6* — 6o|| as j — oo. Therefore, ||6* — 6o > &

because ||0nj - 90” > ¢ for all j € N, so we have
0=1/6o — 6ol = [0 — o]l = 6 >0,
which is a contradiction.

Condition 3. It suffices to show that supycg HQ;FLA(H) - QTA(Q)H = 0,(1) because the denominator is always greater
than or equal to one. For §# € © and r € {0,1,..., s}, denote

n

FO(g) = — 3y ([G“‘”( m,e),...,Gﬁ"v”(é’”’,@)f). [19]

n—m
t=m-+1

We have
sup [ Q52 (0) - Q™)
0co

(1) _ .
< ||Fos — ®(60)] + sup | o™ (0) — @(6)]|

| F* — @ (60)]| + - ZsupHFWo)—@(o)H

(2SS
©
HF 0)(go) — ®(6o) H +- ZguguF(’")(H) fcp(e)”
S
@)
< sup||F©(9) - @ H+ ZsupHFW(e)—@(a) :
e (ZSC)

by (1) the triangle inequality and subadditivity of the supremum, (2) the triangle inequality and subadditivity of the
supremum, (3) noting that F°* = F(©)(4,) as in Eq. (13) and Eq. (19), and (4) upper bounding by the supremum
over § € O.

Observe that, by the triangle inequality, for each r € {0,1,..., s}, we have

sup HFW 9) — @(9)“ < sup [F(0) ~ By [FO(0)] | +sup HE@ [FO0)] - @(9)“ . [20]
0€o 6co 6co
The next steps are to show that the first term is 0,(1) and the second term is o(1).

Step 1. First, we consider the term supgcg ||F(T)(9) —Ey [F(T)(H)] H Since © C RP is compact by Assumption 4,
it is totally bounded, so there exists an e-net, i.e. for every € > 0, there exist finitely many points 61,...,0n) € ©
for some N (¢) € N, such that

S} - U Be(ei)7

i€[N(e)]
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where B(6;) is a ball of radius e. Thus, V8 € O, there exists an ¢ € [N(e)] such that ||§ — 6;]| < e. By adding and
subtracting the same term, the triangle inequality, the definition of the e-net for some € > 0 and N(e) € N, and the

definition of the supremum, we have

ngﬂW“”%F“@N

< FO(0,) — By, [F&) (0, H
zerfll\?}i)] H 0 [ ( z)}

+—wpHW“@—MFW@D%ﬂW%—MPWWﬂW

0,0'€0
[[6—6"||<e

Taking the expectation E(-) with respect to the law of the noise inputs, we have

2 (sup 700 - [ 0]

<& (L 00 -5 [Fow]] )
+E| swp |(FO6) ~Eo [FO0)]) - (FO@) ~Eo [FO0)])|
0,0'c©
l9—0"|<e
<Y B (|FO6) B [FO0)])
i€[N(e)]

0,0'€O

+E(sw |F©0) & [FO0)]) - (PO @) ~Eor [FO0))
16—6]|<e

2 5k (Jro -z o]
i€V ()]
—HE( sup ‘F(T)(e)—F(T)(H’) +  sup HEQ [F<r>(9)}_1@9/ [F““)(e’)]H
0,0'cO 0,0'cO
lo=6'|<e l9—0']1<e
2 5 ([ - o]
i€[N ()]

Y2E| sup HF(” @) — FO (@)
0,0'cO
lo—0"[|<e

by (1) the previous e-net inequality, monotonicity of expectation, and linearity of expectation, (2) upper bounding
the maximum by the sum and linearity of expectation, (3) the triangle inequality and subadditivity of the supremum,

and (4) linearity of expectation, Jensen’s inequality, and monotonicity of expectation.
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Step 1.1. We begin with the first term. For all ¢ € N(e), we have

B [FO00])

(HF(“

—~

1)
<2

J

,\
I/\gg

J

3) 1
<20 ——
n

(€] 1
<2C ——

n—m

oo
D (n—m)3
—m

1

— Z( > ngzw)
=1 \t=m+1

g j*ﬁ“’
— ;1

UK

)

N

max g5 (0:)

te{m+1,...,n}

by (1) factoring out ﬁ then applying the second inequality from Lemma 3 to the time series of random features and

further upper bounding with infinitely many terms in the summation, (2) upper bounding the sum by n — m times
the maximum and taking the square root of both terms, (3) by bounds on the physical dependence measures of the
original time series by Assumption 7 and of the time series of random features by Lemma 2, and (4) because ¥ > 2
so the series converges. Hence, for each fixed ¢ > 0 and N(e) € N, for all i € N(¢), we have

w, ([0 -2

o [FOC

Step 1.2. We now consider the second term. Observe that

E|l sup HF(T)(G)—F(T)(G’)

0,0'€0
66" <e

3
mH

W[) =

sup HG"T) " 0) - G("T(st 0

0,0'c©
llo—0"||<e

J?

because (1) the random Fourier features ¢ are L,-Lipschitz with Lipschitz constant given by Eq. (26), the triangle

inequality, subadditivity of the supremum, and linearity of expectation, and (2) by upper bounding the average by

the supremum over ¢ and applying the stochastic equicontinuity-type condition from Assumption 6, noting that each

mapping (GE"’") (€j,0)) ez is a stationary ergodic process for each fixedt € N, i € N, r =0,1,...,

s, which allows us to

use this condition even with shifted noise inputs. By Assumption 6, ng — 0 as ¢ — 0. However, taking ¢ — 0 makes
N(e) — oo, so we must specify the rates.
Previously, we showed that, for each fixed € > 0 and N(¢) € N, for all ¢ € N(¢), we have

£ (Jrom)

~E, [ FO)(g

M\»—A

woll) = o0

Therefore, for any sequence (e,)nen, €, — 0 as n — oo, such that N(e,) = o(n?), we have

> s (Jro

i€[N(e)]

< N(e) max Eq, (HF

i€[N(e)]
=o(1),

)~ Eo [F““) )

B [FO00]])

and 1¢ = ng(en) = o(1) so that the upper bound from (2) is L,(m + 1)ng = o(1).
Putting everything together, by Markov’s inequality, we have the desired result
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—TFy {F(r)
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9)} H = 0,(1).
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Step 2. Second, we consider the term supgcg HIE@ [F(’")(H)] - <I>(9)H For each r € {0,1,...,s},

sup HEg [F“)(e)] - @(a)H
9co
1 - n,r
Y sup > Ee [so ([Gg’m)(a( )
S | KL
1 - T s
> B[ ([0
(? L —l
< sup N
fco 1
- Eq |:§0 < Ggr)m(el(;)m’ )a cey
n—m = [
- (") ()
-+ sup E [ (G m(Eisms ), ...
i | P t_;rIOW[t (& =m, 0)

.
M 0),...,G (" ) ﬂ

)., G gy T)}

T)}

G (e

by (1) the definition of F(")(#) from Eq. (19) and linearity of expectation, (2) adding and subtracting the same term,

the triangle inequality, and subadditivity of the supremum, (3)

term is o(1) by upper bounding the ¢5 norm ||-|| by the ¢; norm (i.

because both terms are o(1). Specifically, the second
e. over the k random features) using the monotonicity

of norms, subadditivity of the supremum, linearity, and applying the weak convergence from Assumption 3. The first
term is o(1) because the approximations can be asymptotically replaced by the limiting mappings, because for all

r€{0,1,...,s}, we have
1 n (n r), (r) (nar) s (1) T
E G, LG p
n_mt:%:ﬂ 0[ ({ m (€=m 0), - (e )}
sup .
0co 1 (7") (r) "), () T
_ E o , . )
n—mt:;_l o |:S0 <[ (Et m> ), (5 , ):|
(n ) (r) (nyr), (7) T
n G (Ef m,o),...,G (Et ,9)
(é) “ 1 Z
B o (D CIRCIPNE
t=m+1 2 |:G (615 m,@),...,Gt (5t ’0):|
L£1(6)
(i) I 1 n_||Vec (Ggﬁ’&) (ggi)m’ 0),..., ng,r)(€§r)7 0)
e SUp
e \ T | = Ve (G (2 00, G, 0))
L£1(6)
(i) L, sup Z Z HG(n r) (7") 0) — G(?”) (e (r) 9)‘
>~ ¥ 0cO t 1 =0 t i t j Ll(e)
(4) (m —+ 1 Sup Z HG(TL r (r) 9 G(r) (6(7‘) 9)‘
= 71— m/ gco \ 1 0|,
®)

where (1) holds by linearity of summation, the triangle inequality, linearity of expectation, and Jensen’s inequality,

(2) holds because the random Fourier features ¢ are L,-Lipschit

z with Lipschitz constant given by Eq. (26), (3) holds

by the triangle inequality and Minkowski inequality, (4) follows by upper bounding the original quantity by m + 1

times full sum (i.e. by including more non-negative terms in the

(G (e5,0)) ez, (G\7)(;,0)) ez is a stationary ergodic process

allows us to shift the noise inputs, and (5) is from applying the
Step 3. We have shown that for each r € {0,1,...,s}, the

Putting it all together, we have the desired result that

|axr @) - @™ 0

sup
9co
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summation), factoring out 1/n, and noting that each

for each fixed t € N, i € N, and r =0,1,...,
convergence condition from Assumption 2.

s, which

terms from Eq. (20) are 0,(1) and o(1), respectively.

)| = o).
O
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9200 2.4. Proof of Theorem 4. See the proof of Theorem 2.3 in (5). 2363

2300 D 2364
2301 2365
2302 2.5. Proof of Theorem 5. 2366
2303 ~ B 2367
2304  Step 1: Limiting local expectations. We claim that under Assumptions 8-10, V8, € ©,,, the limiting local expectation values 2363
2305 of the k random features of the time series are given by 2369
2306 2370
2307 =~ ~ 2371
o b0 = [ e@dB, @, ueb) o
2309 2373
2310 That is, for all § € O, all u € [0,1], and all € {0,1,..., s}, we have, as n — o0, 2374
2311 2375
2312 T ~ - 2376
2313 HEO |:<P ([GEXM) (E(Ir)na 0),... ang’T) (Et()r)a 9)} )] — &, (0y)|| = o(1). [21] 2577
2314 2378
315 Note that the time series has this causal representation by Assumptions 8, and that we only observe the time series >
2316 at rescaled times t/n for t =1,...,n. 2380
zi; The desired result from Eq. (21) follows because, for all § € ©, all u € [0,1], and all r € {0,1,..., s}, we have zg:;
2319 2383
2320 'Ee [90 ([G(nr (e _mvo)"”’GELn,r) (r) 9 >} <I) 2384
2321 2385
2322 E G(n,r) (r) P G(" , r) T 2386
2323 (1) 0¥ [ u ( € m> ) (EO ’ 9):| 2387
2324 < - 2388
2625 — By |:(p ([Gu(g“?n, 0)..... Gulel),0)] ﬂ 2389
2326 2390
2327 T L 2391
2328 ‘ Eq [@ ({G ( (j,)n,e) Gu(EéT)ﬁ)} )] - (I)u(eu) 2392
2329 2393
2330 (i) 0(1) 2394
2331 ’ 2395

2332 where (1) is from adding and subtracting the corresponding term with the limiting mapping and by applying the 239
2333 triangle inequality, and (2) holds because the second term is equal to zero by using the equivalent causal representation 2397
2334 from Assumption 10 and because the first term is o(1). Specifically, because the approximations can be asymptotically 2398

2335 replaced by the limiting mappings, because for all § € ©, all u € [0, 1], and all r € {0,1,..., s}, we have 2399
2336 2400
2337 2401
2338 Ey {‘P ([ng’r) (5(—Tv)m 0),....,G (n ) 50 ) } 2402
2339 2403
T
o ~Eo o ([Guleht). . Gl 0)] ﬂ e
2342 T 2406
2343 W ||® ({G&mr) (E(_T,)n, 0),... G(n T)( 2407
2344 < 2408
2345 o (r) (r) 2409
2346 - P <|:Gu (g—ma 9)7 s G (80 ’ 9)] > £10) 2410
2347 2411
2348 (2) Vec (G(n T)( (_7‘1)717 9) thn,r) (gér), 9)) a1z
2349 < L@ 2413
2350 —Vec (G (E(T) 0),...,G (E(T) 0) 2414
. U\~ —m» i y Mu\=0 » 51(0) 2415
2352 (3) m ” ” 2416
2353 <L, Z Hng’T)(E(ﬂ)'a ) — Gu(egg, 9)‘ £0) 2417
2354 =0 2418
2355 (4) 2419
2356 - 0(1), 2420
2357 2421

2355 where (1) holds by linearity of expectation and Jensen’s inequality, (2) holds because the random Fourier features ¢ are 549,
2350 L-Lipschitz with Lipschitz constant given by Eq. (26), (3) holds by the triangle inequality and Minkowski inequality, ;453

2360 and (4) follows from the convergence condition from Assumption 9, noting that each mapping (G,(LZ ’”(gj,e))jez, 2424
2361 (Gy(g4,0)) ez is a stationary ergodic process for each fixed u € [0,1], ¢ € N, r € {0,1,...,s}, which allows us to 2425
2362 use the convergence condition regardless of the shifts in the noise inputs. 2426
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Step 2: Smoothness. The arguments used to show that ®,, u € [0, 1], are C'-smooth in the parameter values are
analogous to those used in the proof of Theorem 2 to show that ® is C'-smooth in the parameter values. Specifically,
by Assumption 11, p, is Fréchet C' on O, with respect to the total variation norm (cf Assumptlon 4) so the same

arguments used in the proof of Theorem 2 hold when replacing 0, ®, Py, C, O, p with 6, ®,,, Pou,ua Cu, Ou, Pu at a
particular rescaled time w € [0, 1]. The details are omitted due to similarity.

Step 3: Embeddings. For each u € [0,1], the box-counting dimension of ©, is less than or equal to p because: (1)
© has box-counting dimension p as it is a compact subset of R? with non-empty interior by Assumption 11, and
(2) O, = gu(©) and g, is Lipschitz by Assumption 10 so dim(©,) = dim(g,(©)) < dim(©) = p. Therefore, once
k > 2p + 1, the fractal Whitney embedding prevalence theorem (Theorem 1) implies that for each u € [0, 1] (i.e.
applying the theorem at each u), embeddings are prevalent in C 1(@u, R¥); specifically, “almost every” (in the sense of
prevalence) smooth map from R? to R¥ is one-to-one on ©,, and is an immersion on each compact subset of a smooth

manifold contained in ©,,.
O

2.6. Proof of Theorem 6.
Setup. We will use Corollary 3.2 of (10) to conclude that 6RW s consistent. The sample discrepancy function,
from Eq. (9), is given by

n

v = —— S [IE - Ee) + Ko),

t=m-+71+L
Ku(0) = 2 (F2 — 9 (0) T ([£0% - ™ (0)] — [F2bs — Fi(0)).

and the population discrepancy function is given by

QR (9) = / 124 (6) — @,(0)] du.
0

To use Corollary 3.2 of (10), it suffices to show that, under the assumptions of Theorem 6, the following conditions
hold:

L |QEV(EW)| < 0,(1) + inface [ QR (9)|

2. infjg_g,>5 |Q™V(8)| > 0 for each § > 0.

QW (0)—QFW ()
| L _6,(1)

3. Supgee LH[OIV (@) [+1Q™WV (0)] —

Condition 1. We defined the rolling-window estimator from Eq. (8)

)

0™ = argmin ’QEW(Q)
0coe

with a slight abuse of notation (since argmin is a set) because we have implicitly assumed that the sample objective
function attains the infimum and that it is unique, i.e.

‘QSW(@RW _ 1nf ‘QRW ‘
Therefore, the desired result is immediate

QB O™)| = inf |QRV(0)] < 0,(1) + nt |QEV(0)].

Condition 2. We establish that the infimum is strictly positive through contradiction. Assume for contradiction that
there exists a & > 0 such that
V(@) = o.
|I9—00H>5|Q ( )|
Then by applying the definition of infimum, there exists a sequence (0),)necn, where ||6, — || > ¢ for all n € N,
such that lim,— |QRW(9n)| = 0 by continuity with respect to # and the dominated convergence theorem. By

Assumption 11, © is a compact subset of RP, hence © is also sequentially compact, i.e. every sequence of parameters
in © has a convergent subsequence converging to a parameter in ©. Thus, there exists a subsequence (6,,);cn, where
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H@nj — HOH > ¢ for all j € N, and a parameter 6* € © satisfying ’QRW(G*)
J — oo.
By Assumption 13, for all 6y, 6% € ©, if §y # 6%, then there exists a subset Uy, g« C [0, 1] with positive Lebesgue
measure such that Py, . # Pp- . for all u € Uy, 9+. Since Py, . # Pp-, for all u € U, p-, we also have that
Py 00)u 7 Py (6+),u for all u € Uy, o« because Pgu(g)’u = Py, is the distribution of

= Q™ (6*) = 0, such that 6,, — 6* as

[Gu(e—my gu(0)),- -, Gulen, gu(0))] T = [Gu(e—m,0), ..., Gul0,0)]".

Therefore, for all u € Uy, g, we have that g,(8p) # gu(0*) because 0, — Péu,u is a bijection for all u € [0,1] by

Assumption 11. We also have that @, (g,(6o)) # ®u(g.(6*)) for all u € Up, o+, because by Assumption 12, 0, + @, (6.,
is one-to-one for all w € [0,1]. This also implies that ®,(0y) # ®,(6*) for all u € Up, ¢~ by the definitions of ®,, and

®,, from Eq. (16) and Eq. (17), respectively, because P +(0),u = Pa . as discussed above. Putting it all together, we
have that, if 8y £ 0*, then

Q™ (6* / @4 (00) — D, (67| du > / @ (0o) — Do (6] du > 0.
Uy, 0%

In other words, if QRW(G*) =0, then 6* = 4,.
However, by the continuity of 6 — [|6 — 6|, we have ||0,,, — 0o|| — [|6* — 6o]| as j — oo. Therefore, ||§* — 6ol > &
because Hﬁnj - 90H > ¢ for all j € N, so we have

0=1[6o — 6ol = [0 — o]l =6 >0,
which is a contradiction.

Condition 3. It suffices to show that supgcg ’Qﬁw(ﬂ) = QRW(G)’ = 0p(1) because the denominator is always greater
than or equal to one. For §# € © and r € {0,1,..., s}, define

t

Mgy — L (n.r) (r) (mr) () ] "
F(0) = WAL Z ¥ ([G(jm)/n(Ej—maa)wuan/n (5]‘ 79)} ) ) [22]
j=(t—w)V(m+1)
and
1 " 2
1 _ n
t=m+71+L
O -—— Y | o
n - n—m N% Ht—L.n ) [23]
t=m+7+L
1 n
IS _ *
W=—— Y K0,
t=m+7+L
where

W1 (0) = Eq, [£7™] ZEe 770
= ¢ ({GE?% (62000, G0 (e, o) )]

1 - n,r n,r T

r=1
fie.n(6) = B9 — FS““(@%
Kt(a) _ 2/}th n ([ obs fsnn 9)] _ /ftth,n(9)),
K7 (0) =24 1.a(0)T ([ = [7(0)] = i (6)) .

n
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2633 We have 2747

2684 R 2748
2685 sup [QWV () — QRW(Q)‘ 2749
2686 v€S 2750
2687 (1) 1 n _ 9 1 2751
2688 = sup Z [HFtOPSL - FtS—L(9>H + Ktw)} - / ||‘I>u(90) - ‘I)u(a)HQ du 2752
X peo | —M 0
2689 t=m+71+L 2753
2690 (2) L ) 5 1 9 2754
2691 = sup |I,(0) — I;,(0) + 1,,(0) —/ [®u(fo) — Pu(0)]” du 2755
2692 €6 . 0 2756
(3)
o < sup |I1(6) —/ 1@ (60) — D (0)]1* du| + sup |12(6)] + sup | I2(8)], o
€O 0 0cO €O

2695 2759

269y (1) definition of QEW () and Q¥W (), (2) a Taylor expansion (see below) and the definition of I1(6), I2(6), I3(6), 2™

2997 and (3) the triangle inequality and subadditivity of the supremum. More specifically, regarding (2), at each time ¢, a 7"
2698 Taylor expansion yields 2762
2699 2763
2700 2 2 2764
[o2 @) = Mo rn @I + 28020 (0) = f—r.0)) + [ 0) = )]
2702 " " " 2766
— . 2
ZEZ so rearranging this equation and plugging in for ||ﬂt,L’n(9)H2 = HFtOf’SL - Fff‘i(@)“ yields ZZ;
2705 . _ . 2 2769
2706 ||Ft°,bi — F(0) H + K (0) 2770
2707 2 R 2 R i R 2771
= [z @] = |12 ® = 2w ®|| + [200-20OT (7 0) = fi-1.00)) + Ki(0)]
2709 ' 9 9 D, 2773
= [z @ = |1 @) = - ®)|| + 22O ([ = F0)] - 128))
2711 2775
272 therefore summing yields 2776
2713 2777
2714 n . 9 2778
S [IE - B + Ki0)] = 1h0) - 120) + 1(0).
2716 t=m+7+L 2780
2717 2781
2718 It suffices to show that 2782
2719 . 2783
2720 1 2 2784
sup 136) = [ 19.(00) = @,(0) | = o(0).
2722 9 2786
2723 Slelg |I” (9)’ = 01’(1)’ 2787
2724 2788
2725 Slelg |I§(9)’ = 0P(1)7 2789
2726 2790
2727 50 we break down the remainder of the proof into these three steps. 2791
2728 Step 1. We show that 2792
2729 2793
2730 1 2794
731 sup | 1(6) — / 1B (00) — B (0)]? du| = o(1). o
2732 v€0 0 2796
2ras Observe that aror
2734 2798
2735 1 2799
2736 sup | 1(6) — / 1D (00) — Bu(0)] du 500
2737 0€o 0 2801
2738 (1) 1 n 2 1 ) 2802
2750 D sup 3 ] u (e)H - / 1®(60) — Du(0)]? du 2503
2740 e |t — M t=mtr+L 0 2804
2741 ) n ) 1 2805
Sapl—— Y o - [ @R
2743 veo | —m, _ = " 0 2807
2744 1 1 2808
wsup | [ O du [ 12,(60) - ()]
2746 0€O |Jo 0 2810
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by (1) the definition of I}(#), and (2) adding and subtracting the same term, the triangle inequality, and subadditivity
of the supremum. We will show that both terms are o(1).

Step 1.1. Observe that

1 n n n 2
sup | — ‘ H / |1 ()" du
9co | N m s 'm.+T+L
1) mk 1 & N n
2k p| L IEI [z @] - [, @ a
n o |1 t=mtr+L e
) mk ! n 2 o2
< —+sup/ ’MM(G)H — || ()
n 0cO m+7"+L n
® mk 1 " 2
<D —swp S sw @) - ez
n nGG@t m+T+LU€[rll,,"L] n
(4) m/{/’ 1 o n n n
<7 L sw (|| @) + Nz @) || ) = o)
n n gco ¢ " "

5) -
N D S I ORI

e S

(6) k: 1 - n,r T T
< M uVELm+1)=sup HG( (), 9) — qlnn) (a@%@), 1

n nee@t:m+T+Lue[ £1 2] £1(8)
+4VELy(m+1)== sup sup HG(ZL’T) e, 0) — G {0 ’

ZE’E@ ) T§+Lu€[fnlaﬁ n ( 0 ) ( 0 ) £1(9)

(7) 1-1/k

mk n A

< —+ 8VEL,(m + 1)

)

by (1) adding and subtracting the same term (i.e. with a factor of 1 =), the triangle inequality, subadditivity of the

— % = ﬁ, upper bounding the sum by n—m
times the maximum over time ¢ of the squared norm, noting that the random Fourier features are bounded between
—1 and 1 so the corresponding expectations must be as well, then upper bounding the squared norm by the number
of random features k, (2) the definition of the ceiling function, using the Riemann sum approximation of the integral,
and the triangle inequality for integrals, (3) upper bounding the integral over each interval by the supremum over that
interval multiplied by the interval length and summing over the intervals, (4) the equality ‘xz — y2’ =z —yl|lz+y|
applied to the norms and the triangle inequality applied to this absolute value of the sum of norms, (5) using the
definition of p% (8) and p?(f) and applying the triangle inequality to each of their norms, applying the triangle

supremum, factoring out the sum of squared norms, the equality ——

inequality and absolute homogeneity to the simulation-average, upper bounding each norm by vk where k = 2p + 1,
6 € RP, because each of the k dimensions of the random Fourier features takes values in [—1, 1], so we can upper bound
by four times this amount, and the distributive property, (6) the triangle inequality, subadditivity of the supremum,
linearity of expectation, Jensen’s inequality, the random Fourier features ¢ are L,-Lipschitz with Lipschitz constant
given by Eq. (26), the triangle inequality, the Minkowski inequality, shifting the noise inputs which is equivalent due to
stationarity, and (7) Holder’s inequality applied to each sum over time ¢ (i.e. for each r = 0,1, ..., s), upper bounding
by the k-variation, and applying the upper bound from Assumption 16.
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Lastly, observe that

1 " /1 2
sup — e ()||° du
it > [ zo))
) 1 u 2t
2 cup > o] - [, e
beo | L e
1
woupl [, o WP~ [ i@ au
Doy LS o - [ o
- 928 T L & miER . ’
m4T4+L
+ sup 1 (6) )1 du
€O
(3) 171/!@ L
( S\fL (m+1)n A)erk
n n
@

- 0(1)7

by (1) adding and subtracting the same term, the triangle inequality, and subadditivity of the supremum, (2)
subtraction, (3) upper bounding the first term by applying the inequality derived previously, and upper bounding the
second term by the length of the interval [0, %”'L] multiplied by k£ because the integrand can be upper bounded by
k since the k random Fourier features each take values in [—1, 1], and (4) noting that both of these terms converge to
zero because the first term is o(1) because x € [1,4) by Assumption 16 and the second term is o(1) because 7, = o(n)
by Assumption 17.

Step 1.2. Observe that

| [ WO du [ 19.(00) - 2,0)] du

€] 2
< sup ‘Hﬂu ? = [|@u(0) = @u(6)?| du

sup
oe

D 4V sup / 112 (0) = (B, (B0) — Do (6))]] du

0€O© Jo

B [so ([609E 0 00, 60 0E 0] )| - wuto)
[@ ([Ggﬁv”(e%,e), G ED,0)] T)] = @u(e)‘

+ 4\/E Z sup du

10€0

4) T
< 4VE sup ||Eq, {gp <[G£L"’O)( (_07),1,90),...,Gg”’o)(séo),ﬁo)} ﬂ — ®,(00)
uE[O 1]
-
+ 4\Ff Z sup sup ||Eg {90 ([Gg"’r) (E(_T,)n, 0),...,Gm) (6(()T), 0)} )} - (I’u(@)H
—1 0€©9 ue0,1]

D o),

by (1) the linearity of integrals and the triangle inequality for integrals, (2) the equality |x2 — yz‘ = |z —y||z + v
applied to the norms and the triangle inequality applied to this absolute value of the sum of norms, then using the
definition of u?(6) and applying the triangle inequality to each of the norms, applying the triangle inequality and
absolute homogeneity to the simulation-average terms, upper bounding each norm by vk where k = 2p+ 1, # € R?,
because each of the k dimensions of the random Fourier features takes values in [—1, 1], so we can upper bound by
four times this amount, and the distributive property, (3) the triangle inequality, subadditivity, and the distributive
property, (4) upper bounding the integral by the length of the interval multiplied by the supremum over the interval,
and (5) the same (u, §)-pointwise inequalities used to show Eq. (21), where ®,,(6,) = ®,(f) by the definitions and
Assumption 10, hold uniformly over u € [0,1] and over § € © by using the subadditivity of the supremum and because
Assumption 9 is a (u, 8)-uniform convergence condition.
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Putting it all together, we have

AW@A

Step 2. We show that

sup |12(6

0€O

Observe that

sup ’12 ‘
6co

60) — ®u(0)]|* du| = o(1).

)| = 0p(1).

e 1 n N 2
= sup Z HM%(Q) - Nt—L,n(G)H

n—m
S t=m+7+L
(2) 1 n
P
n—m ™
0€6 t=m+71+L
®3) 2 2
< sup E
bee NI L
n
sup |wz @)
0€0© t=m+7+L "

by (1) the definition of I2(0), (2) adding and subtracting the same term then applying the triangle inequality, and (3)
expanding the square then applying Young’s inequality and subadditivity of the supremum. We will show the first

term is o(1) and the second term is o,(1).

— -1 (6)]

Wi (0) — plis (6 HJFH/“L o) - ﬂt—L:”(e)Hf

[0 - e )]

2

)

Step 2.1. To begin, observe that, for every 6 € ©, we have

2 (0) = s 0)]

1 n
SR 1

t=m+7+L

| e (8,

Iy o

.
Boot (G0 Ot G 0] )

]
CURTHRE A INC

" &wQG&%mkﬂw» G0 D 0)] )

(n.r) ) () 0 ] "
r=1t=m+7+L _]E0<)0<|:G(t L— m)/n( —m79) G(t L)/n(€0 ,9):| )

(n,0)
) n Eq, ¢ ({G(t m+1)/n

<L )

Iy o>

r=1t=m+7+L || — Egp <|:GE? Tm)/n( (—T7)n’ 9), Gi?nr)( (()T)7 9):| >

) n
< L’L%(m+1) 2ZHG("O (€, 6,

t/n

1 S n
272 2 nr) (r) (n,r) r)
+ L2 m+ 12 3 |G E,0) - G L ,9)‘

r=1t=1

by (1) the definition of p't (¢) and p?_, (0), the triangle inequality, expanding the square, Young’s inequality, and

the triangle inequality, (2 ) adding and subtracting the same intermediate lag terms between ¢ and ¢t — L (i.e. t —

-
t=m+71+L —Egogp([GE?;OT)n)/n( _m,eo) Gi/n (50 ,90)} >
)

T 2
(n.r) ) () ()
- EW({G?mH)/n(&—Tm’ ), G (5. 0)] )

0 0 0 T 2
(00 00), - G (e, 00)]

) = GE? 01))/77,(5(()0)7 90)‘

L£1(0)

ca()’
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si95 L1,...,t— L+ 1), the triangle inequality, applying Young’s inequality L times, factoring out L, adding extra lag terms 3559
s106 SO the every lag term is repeated L terms and then factoring out this second L factor, and (3) linearity of expectation, 3460
s197  Jensen’s inequality, because the random Fourier features ¢ are L-Lipschitz with Lipschitz constant given by Eq. (26), 326

3108 the triangle inequality, the Minkowski inequality, and Young’s inequality. 3262
3199 Observe that 3263
3200 3264
3201 2 n 2 3265
3202 sup Z ‘ uh (0) — Mt . (Q)H 3266
3203 peo N — M tmmartL " 3267
3204 3268
(1) 4L L2 (m+1)2
3205 < su HG(n T (7‘)7 0y — g(r e .0 ’ 3269
3206 - Z 968 Z t/n )~ (= 1)/"( ) L£4(0) 3270
3207 2712 2 3271
3908 (i) 4L Lgp(m + 1) (S + 1)nmax(172/n,O)A2 3272
3209 B n—m 3273
3210 (3:) 0(1)’ 3274
3211 3275
3212 3276
3213 by (1) the previous arguments, linearity, and subadditivity of the supremum, (2) Holder’s inequality applied to each 3277
3214  sum over time ¢ (i.e. for each r = 0,1,...,s) so we can upper bound by the squared k-variation multiplied by 3278
215 pmax(1-2/5.0) wwhere the max is because we consider the cases x € [1,2] and s € (2,4) separately, and applying the 327
3216 upper bound A > 0 from Assumption 16, and (3) the rate of growth of L from Assumption 17. 3280
a2 Step 2.2. Observe that, for every 6 € ©, we have s28l
3218 3282
3219 3283
3220 1 n n R 2 3284
5 O |l ®) = e 25] s
3222 t=m+1+L 3286
3223 (1) n 0) 0 0 0 T 2 3287
b
$ S B ([0 G el t0)] ) -
3225 t=m+7+L 3289
2220 ~ N (n.r) () ) o 1T _ o) ol 2200
n,r n,r T T
3227 + Z Z Eqp ([G(t L—m)/n (g, s 0), - G(t L)/n (e s 9)} ) —-F 0| 3201
3228 r=1t=m-+7+L 3292
3229 3293
3230 . " N . . . o . (r) . 3204
4031 Dy (1) the definitions of u?% . (0) and fi;—r (), the triangle inequality, and Young’s inequality, where F} () is 40,
3232 from Eq. (22). We have 3296
3233 3297
3234 3298
LI
3236 968 n—m, _ . Bt He-Lom 3300
3237 . 7t n 3301
1) 4 2
- <3 sup > | [£20)] - FOe) o
e N —M
3240 r=0 t=m+7+L 3304
3241 3305
3242 by (1) the previous arguments, the definition of the random features ft(i)L (0) at time t — L in terms of the generative 3%
8243 mappings, linearity, and subadditivity of the supremum. It suffices to show that, for all » = 0,1,..., s, we have 3307
3244 3308
3245 " 3309
3246 (r) (r) 2 3310
3247 Sle‘lg Z “Eg |: tiL(e):| - FtrL(e)H - Op(n)' 3311
3248 t=m+r+L 3312
3249 3313
3250 By adding and subtracting the same term, the triangle inequality, Young’s inequality, and subadditivity of the 33!*
3251 gupremum, half of the previous term is less than or equal to 3815
3252 3316
3253 3317
325 3 r) @ ol 3 ") @ o 3318
3255 sup Z HEG [ft—L(e)} - EeFt—L(e)H + sup Z HEQFt—L(e) - Ft—L(e)H ) 3319
0cO 0O
3256 t=m+7+L t=m+7+L 3320
3257 3321
3258 so it suffices to show that the first term is o(n) and the second term is o,(n). 3322
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Step 2.2.1. For the following, denote U; = [w, %} Observe that, for all r =0,1,...,s, we have

n

n 2
sup > [Bo [£700)] - EaR T, 0)|
t=m+7+L
.
(nr) (r) (nr) ()
(1) n ]E‘%D<[G(t—L—m)/n(€t—L—m’0)""’G(t—L)/n(Et—L70)} >
< sup Z sup -
e —w([a(n’” (700, 0), - GO, )] )

u—m/n\"—m’
(? )% (m+ 1)2 sup 2": sup G (z—:ér) 0) — G(nr) (5(” 9)‘ ’
I 0€0 ,_ = | ucl, (t=L)/n ’ “ 0 L£a(6)
3) 2
< wLi(m—F 1)2nmax(l_2/“’o) (sup "(Gg"’r)(ao,G)) . (9))
(4<C] u ll k-var, £

4
< wLi(m_’_ I)Qnmax(l—Q/n,O)AQ

by (1) the definitions of Ft(:)L (0) and ft(i)L(G) from Eq. (22) and Eq. (24), linearity, the triangle inequality, and upper
bounding the rolling-window average of the distances between the expectations by the supremum of the distance

(t—L—w)V(m+1) ¢—L
n ’n )

between the expectations over the corresponding rescaled time interval U; = [ (2) linearity of
expectation, Jensen’s inequality, because the random Fourier features ¢ are L,-Lipschitz with Lipschitz constant
given by Eq. (26), the triangle inequality, the Minkowski inequality, and Young’s inequality, (3) upper bounding by
w multiplied by the squared k-variation multiplied by n™ax(1-2/6.0) " where the max is because we consider the cases
k € [1,2] and k € (2,4) separately, and where the w factor is from the following construction: each interval U
has length at most w/n, so we consider a family of w subsequences of intervals of the form U, Uj+2w, ... so they
are disjoint (besides the endpoints), then upper bound the sum over each subsequence by the squared x-variation
multiplied by n™ax(1=2/%.0) then sum over all of the subsequences, which leads to the desired upper bound with the
factor of w, (4) using the bound from Assumption 16, and (5) because of the rates specified in Assumption 17.

Step 2.2.2. By Markov’s inequality, it suffices to show that, for all r =0,1,...,s,

E(sup > HEeFEPLw)Ff?L(e))f) — o{n),

o€ t=m+7+L

where E(-) denotes expectation with respect to the law of the noise inputs. By Assumption 11, © C R? is compact,
so it is totally bounded and there exists an e-net, i.e. for every € > 0, there exist finitely many points 61, ..., 0y for
some N(e) € N, such that

ec |J B0,

i€[N(e)]

where B.(6;) is a ball of radius e. By adding and subtracting the same term, the triangle inequality, Young’s inequality,
the definition of the e-net for some € > 0 and N(¢) € N, and definition of the supremum,

n

1 2
5 sup Z HEG [Ft(i)L(G)} - Ft(I)L(Q)H
66@t:m+T+L
n 2
< max HE7 7 0:)] — F7, 0 ‘
ey 2 o0 |[F0L(00] = F00)
n 2
+osw Y | [FL0)] - FOL0)] - e [FOL0)] - B0
0.0'€0 4 ir+L
06" <e

PNAS July 17, 2026 LaTex v2025 Vol. XXX No. XX eXXXXXXXXXX 27 of 41

3387
3388
3389
3390
3391
3392
3393
3394
3395
3396
3397
3398
3399
3400
3401
3402
3403
3404
3405
3406
3407
3408
3409
3410
3411
3412
3413
3414
3415
3416
3417
3418
3419
3420
3421
3422
3423
3424
3425
3426
3427
3428
3429
3430
3431
3432
3433
3434
3435
3436
3437
3438
3439
3440
3441
3442
3443
3444
3445
3446
3447
3448
3449
3450



3451
3452
3453
3454
3455
3456
3457
3458
3459
3460
3461
3462
3463
3464
3465
3466
3467
3468
3469
3470
3471
3472
3473
3474
3475
3476
3477
3478
3479
3480
3481
3482
3483
3484
3485
3486
3487
3488
3489
3490
3491
3492
3493
3494
3495
3496
3497
3498
3499
3500
3501
3502
3503
3504
3505
3506
3507
3508
3509
3510
3511
3512
3513
3514

Taking the expectation E(-) with respect to the law of the noise inputs, we have

1 - I T 2
SE(sw > |IE [F20)] - FTL0)
96@t:m+‘r+L

) v 2
< E| max HE ED (0] - F(i) 0; ‘
(ie[N(e)]t_ Z;HL 0; [ t— L( )} t L( )

+E 0,861'15(—) t=m§-7:;—+L H[Ea [Ft(i)L(Q)} — Ft(i)L(a)] _ [Eg/ [Ft(i)l‘(e/)} Ft(r)L H
)

l0—0"]<e
< Z Z Eo, <HE91 [Ft(i)L(ei)} - Ft(i)L(ez')

o an, 8 leie] sion e e o]
)

€[N (e)] t=m+71+L
lo- 7)<

(i) 3 Z Ey, (HEe [Ft(i)L(Hi)} —F" (0:)

€[N (e)] t=m~+7+L

+4iE Sup‘

it 0,0'€0
6—6"l<e

2
F,(8) — FL(0)

by (1) the previous e-net inequality, monotonicity of expectation, and linearity of expectation, (2) upper bounding the
maximum by the sum and linearity of expectation, and (3) the triangle inequality, Young’s inequality, subadditivity

of the supremum, linearity of expectation, Jensen’s inequality, and monotonicity of expectation.
Step 2.2.2.1. We begin with the first term. For the following derivations, define

To={t—-L-w)V(m+1),...,t —L—1,t—L}.

For all i € N(e), we have

Ep, (HJEQ E (6]~ B 6)

) tr [Covei (Ft(ﬁ)L(QZ))]

t—L
©) 1 (n,7) (r) () () o] "
= tr Varei m Z %) <|:G(jm)/n (E_] ms ), G]/n ( 9 )]

j=(t—L—w)V(m+1)

-
(n,r) (r) (nor) ¢ (r)

(3) 1 <|:G(£ m)/n(sf nwg)’ ’Gf/n (55 ’01)i| )’

= —— g tr | Covg,

(U)/\t)2 - (n,r) (r) (o) ¢ (r) T
LiE€T: |:G(] m/n(€] s ), G]/n ( ,91)]
(4 1
< dooCr(e—jl+)7x
2
(wA?) z;eT,
6 1 _
2L S o
h=—o00

by (1) equality of inner product with trace of outer product, and the definition of the covariance of this quantity as

this outer product, (2) definition of Ft( )L(G ) from Eq. (22), (3) expanding the trace of the covariance of the sum of

random vectors by using the linearity of covariance and trace, (4) upper bounding the trace of the covariance by its
trace norm and applying the trace norm inequality with constants C¥ > 0, K¥ > 1 from Lemma 6, (5) by enlarging
the inner summation to be over all integers and upper bounding by this quantity multiplied by the number of terms

in the outer summation, noting that the series converges because K% > 1 by Lemma 6.
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3579 Denoting Y po.__ C?(|h| + 1)~57 by the constant C’ > 0, since the series converges, summing over t yields 3643

3580 n ) ( ) 9 3644
3581 A 3645
3582 t:szr;JrL Ea <HE9 [ t= L(H )} Ft_L(el) ‘ ) 3646
3583 n 3647
3584 (é) o’ Z 1 3648
3585 wAt 3649
3586 t=m+r+L 3650
3587 @ n—w . o~ 1 3651
3588 <C w +C Z t 3652
3589 t=m+7+L 3653
3590 G ,n , 3654
3591 < ” + C'(1 4 log(w)) 3655
3592 (4) 3656
3593 = O(max(n/w,log(w))), 3657
3994 by (1) applying the previous inequality, (2) expanding the sum with the minimum, where the inequality covers both *°*®
3595 cases when w is less than or greater than m + 7 + L, (3) upper bounding the harmonic series and dropping the 3659
3996 subtraction by w, (4) because w,, = o(n) by Assumption 17. 3660
Z’zz; Step 2.2.2.2. We now consider the second term. Observe that Z’SZ;
3599 n 9 3663
3600 (r) (r) (p 3664
3601 Z E 9591/159 HFt*L(Q) Ft*L(e ) 3665
t=m+71+L ’
3602 [16—07||<e 3666
3603 T 2 3667
3604 W n ({GE? TT)n /n(ey)m, 0),. Gi?r’:) (E,ET), 9)} > 3668
3605 S 2 Z E Sup . 3669
3606 0.0'cO 3670
3607 t=mdT ||.97,0/€H§6 - ([GE?:,Z@)/”( 1(57;)71'7,7 01)7 ot Gg;l;:) (Egr)’ 9/):| ) 3671
3608 3672
son0 @, (nr) () ) 0 o s
3610 <2(m+1)L Z Z]E sup HG(t ZiynlEilp0) = G ])/n(st 50" ‘ 3674
3611 t m+T j—0 0,0'€O 3675
3612 [lo—6"]<e 3676
3613 3) 3677
3614 < 2n(m+1) ?L? Yed 3678
P15 hecause (1) linearity of summation (i.e. for the rolling windows), the triangle inequality, Young’s inequality, 2079
3616 L . ; . R . . 3680
w617 subadditivity of the supremum, linearity of expectation, and d1V1d1ng by w from the rolhr%g—wn.ldow. averages .to .
o cancel out the factor of w due to repeated terms, (2) the random Fourier features ¢ are L,-Lipschitz with Lipschitz O
constant given by Eq. (26), the triangle inequality, Young’s inequality m+1 times, subadditivity of the supremum, and
3619 . . ! . . . . 3683
linearity of expectation, (3) upper bounding the sum by the n times the supremum over ¢ and applying the stochastic
3620 . . . P 4 . . 3684
. equicontinuity-type condition from Assumption 14. By Assumption 14, ng — 0 as ¢ — 0. However, taking ¢ — 0 .
sos makes N (e) — oo, so we must specify the rates. S,
soos Previously, in Step 2.2.2.1 we showed that, for each fixed ¢ > 0 and N(e) € N, for all i € N(e), we have .
3624 2 3688
5625 Z By, (HEg [ o ( )} ~F" (8) ) = O(max(n/w, log(w))). s659
3626 t=m-+7+L 3690
3627 n 3691
so2s Therefore, for any sequence (€, )nen, €, — 0 as n — oo, such that N(e,) = 0(7max(n/w’log(w))), we have soon
3629 n P 3693
3630 Z Z Ey, <HE9i {Ft(l)L(Gl)} — Ft(:)L(Gi) > 3694
8631 €[N (e)] t=m+7+L 3695
3632 n 5 3696
3633 (r) (r) 3697
<v@umx Y B ([ [F000] - EO00])
3635 f=mtT L 3699
3636 = o(n), 3700
3637 . 2712 3701
and ng = ng(€en) = o(1) so that the upper bound from (3) is 2n(m + 1)°Lne = o(n).
2222 Putting everything together, by Markov’s inequality, we have the desired result z:g;
3640 n 2 3704
3641 sup Z HEeFt(i)L (9) - Ft(i)[,w)H = Op(n)- 3705
3642 v€S t=m-+1+L 3706
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Step 3. We show that

Observe that

sup |13(0)]

i, 3, e (7= ) -0
Lol X o (ol o)
ol 3 (@) i) (15 ) -t

sup ‘I,?;(G)| = o,(1).
0cO

by (1) the definition of I3(#), and (2) adding and subtracting the same term, linearity in the first argument of the
inner product, the triangle inequality, and the subadditivity of the supremum. We will show that both terms are

op(1).

Step 3.1. By Markov’s inequality, it suffices to show that

“

sup
0co

n—m

t=m-+71+L

> w07 ([ - )] - 0)

n

where E(-) denotes expectation with respect to the law of the noise inputs. We have

2 Y " T obs _ gsim o
st |n—m th;H“%(a) (7™ = Famo)] “;(9))‘
s 2 ) n \ " o
< ;::O n—m Zgg Z M%(H)T l:ft (9) — g [ft (0)”

t=m-+7+L

>:

)

0(1)a

by linearity, the definition of the terms, the triangle inequality, upper bounding the term with the true parameter 6

by the supremum over 6 € © of that term, and the subadditivity of the supremum. By linearity and monotonicity of

expectation, it suffices to show that, for all r =0,1,...,s, we have
n
E <sup > w07 [£70) ~ Eols7 0] D = o(n).
0O |4 myrtr "

By Assumption 11, © C RP is compact, so it is totally bounded and there exists an e-net, i.e. for every ¢ > 0, there

exist finitely many points 61, . .

where B.(0;) is a ball of radius e. By adding and subtracting the same term, the triangle inequality, the definition of

© 0N(e)

for some N (€) € N, such that

S} - U Be(ei)7

i€[N (e)]

the e-net for some € > 0 and N(e) € N, and definition of the supremum,
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n
sup| >
[ASIC) e

=m+7+L
1)
< max
1€[N(€)]
+ sup
0,6’c©
lo—6"]I<e

W (0)7 [£700) ~ Eol s 0)]] ’

S (00T [£700) ~Ea [ 0.)] ‘

w07 [£7(0) ol (0)]]

n

rrren | = i (00T [£70)  Eo (£ (0)]
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Taking the expectation E(-) with respect to the law of the noise inputs, we have

E <sup Wi (O) [£70) ~Eal 7 0))] D

S PR
o S T [y e 5O,
<E<ien[ﬂ]3(>§)] X e |77 (6) = Eo I (9»1]‘)

n @#@TMW@—MWWM}

+E sup Z

.o0co |, _ | — M’LTL AN {ff”(@’) — Eqr [ft(r)(Ql)ﬂ

[lo—6"][<e
2) - r r
< Y Ee| D mba(8)" [ft( (0;) — Bo, [} )(90]”
i€[N(€)] t=m+71+L "

no WL (0)T | £7(0) — Eolf" (0)]
+E sup Z " {T " (J)
00/€0 |, an | = io ()T [£7O) ~ Eo £ 0]

lo—0"|<e
@ E S 007 [106) — B [0,
< Y EBe | D wia(0)7 | £7(6:) —Ea[f,” (60)]
i€[N ()] t=m+r+L
TE| s Y ua @) - w0 [£70) ~ Bl @)
0,0'€9 t=m+71+L " "
Lilo—o"l<e
+E| swp Y ua )| | (70) — £700) - Eals 0] - Ea £ @)
0.00€0 _piryr "
Lilo—0)1<e
¢ E C i, 007 [0 — Ea [0 6
= Z 0; Z pin (0:) " | fy " (65) o.[f: " (65)]
i€[N ()] t=m+r+L
+2 sup S ||un () — i (0)
0.0'€0 _pirir " "
lo—0"1<e

LECI I D DR FARURS (D

0,0'c®

”970’“§6t:m+7—+[l
(5) - r r
< > Ee| Y piu()T [ft()(ei)—xl«:ei[fé)(e»]})
1€[N(¢)] t=m-+7+L "

+2(s+3)E| sup Y Hft(r)(‘g)_ft(r)(el) )
0,0°€0 4L
lo—0"]<e

by (1) the previous e-net inequality, monotonicity of expectation, and linearity of expectation, (2) upper bounding the
maximum by the sum and linearity of expectation, (3) adding and subtracting the cross-term with 6 and ¢’, the triangle
inequality, the Cauchy-Schwarz inequality, and the subadditivity of the supremum, (4) upper bounding because the
random features are bounded between —1 and 1 so the expectations must be as well, and for the last term: the triangle
inequality, linearity, subadditivity of the supremum, linearity of expectation, Jensen’s inequality, and monotonicity
of expectation, and (5) linearity of expectation, Jensen’s inequality, the triangle inequality, the Minkowski inequality,
and subadditivity of the supremum. Next, we show both terms are o(n).

Step 3.1.1. We begin with the first term. For each r = 0,1,...,s, and 6 € ©, denote

v0) = w07 [£70) - BolfVO)]], t=mAT+L. o,
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where the mapping

VARI()

t/n

where for any 7 € N we define €
physical dependence measure condition

")

(4)
<

(6)

)
<

(®)

which admits the representation

g (aﬁ’), 6) is defined in terms of the original causal representations from Assumption 8,

0.0 =ue ) o ([

Analogous to Assumption 15, denote the version of Yt(T)(H) with the j-th noise input in the past replaced with its iid

— () g

g’

e )7 | ([

t/n

Hyp(e.0)

t/n

Wi (0)"

n

s O]

m
(n,r)
<Ly, HG(t—z‘)/n
=0
min(m,j—1)

T

=0

min(m,j—1)

<L, >

=0

Lw(m + 1)Apj—min(m,j—1)

< AP (p™)7,

by (1) definition, (2) cancellation of terms and the linearity of the inner product, (3) the Cauchy-Schwarz inequality and
linearity of expectation, (4) because the random Fourier features are bounded between —1 and 1 so the expectations
must be as well, and because the random Fourier features ¢ are L-Lipschitz with Lipschitz constant given by Eq. (26),
the triangle inequality, and the Minkowski inequality, (5) because the distances are zero for j — i < 0, so it suffices to
consider the terms where j —i > 0 <= ¢ < j — 1, (6) using the bound on the physical dependence measure from
Assumption 15, (7) upper bounding by m + 1 times the largest term which is the “earliest” term because p € (0,1),
and (8) upper bounding with an expression that satisfies exponential decay condition analogous to Assumption 15,

where A = L,(m + 1)A > 0 and p¥ = p € (0,1). Lemma 7 is therefore applicable to the time series Yt(r) (0).

0.0)") - Eali0].

IDEEIROIR

(r)

i - if j — 4 < 0. Observe that the time series Yt(r) (0) satisfies a decaying

—v"(p

t,J

0] )

)} T> £a(9)

0]
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4091 Let us return to the term of interest. For all ¢ € N(e), we have 4155

4092 n 4156
Eo | > wie(0)7 7700 ~Eols (0] |
4094 = 4158
t=m+7+L
4095 n 4159
4096 (1) (r) 4160
4097 = Ko, Z Y, (6'%) 4161
4098 t=m7+L 4162
4099 () 1. H > Hyj 4163
4100 < CnzZA Z(P ) 4164
4101 J=1 4165
4102 (3) Cn AHKH 4166
4103 4167
HO by (1) definition, (2) the second inequality from Lemma 7, noting that Eg [Y;/(T)(H)] =0 for all ¢, r, 0, by construction, *'*°
4105 . . . . . . . . . 4169
applying the inequality on the physical dependence measure derived above, and further upper bounding with infinitely
4106 . . . . . H 4170
g AT terms in the summation, (3) noting that the geometric series converges and the constant K = Ty 1>0 ir
nos  since pff = p € (0,1) by Assumption 15. Hence, for each fixed € > 0 and N(¢) € N, for all i € N(¢), we have 4172
4109 4173
1
> w07 100~ Bl 0] ‘ = O(nl)
4111 n 4175
t=m-+71+L
4112 4176
4113 Step 3.1.2. We now consider the second term. Observe that 4177
4114 4178
4115 n ) ) 4179
4116 E sup Z t(r 0) - 1,9 4180
4117 0.0°€0 T +L 4181
lo—0"]|<e
4118 4182
4119 " n m 4183
(n,r) (r) (n r) (r) g
o Si. > Sor| G000 - G e -
t=m+1+L j=0 07€0
4122 [|6—06"||<e 4186
4123 2) 4187
4124 < Lon(m+ 1)ng, 4188
izz because (1) the random Fourier features ¢ are L,-Lipschitz with Lipschitz constant given by Eq. (26), the triangle izz
127 inequality, subadditivity of the supremum, and linearity of expectation, and (2) by upper bounding by n times o1
o8 the supremum over u € [0,1] and applying the stochastic equicontinuity-type condition from Assumption 14. By 1100
1o Assumption 14, ng — 0 as € — 0. However, taking e — 0 makes N(e) — oo, so we must specify the rates. 103
130 Previously, we showed that, for each fixed € > 0 and N(e) € N, for all i € N(e), we have o4
4131 ) 4195
o L (007 [£70:) — Ea[£7 0] = 0n).
4133 PR 4197
4134 1 4198
a135  Therefore, for any sequence (€,)nen, €, — 0 as n — oo, such that N(e,) = o(nz), we have 4199
4136 " 4200
4137 T g g 4201
S OB | Y w007 [£700) B L1V 0] |
4139 iE[N(E)] t=mr+L 4203
4140 4204
4141 < N(e) max Eo, Z wis(8:)7 [ t(r)(ei) — Ko, | t(r)(ai)]] 4205
N (e€)] ™
4142 t=m+7+L 4206
4143 = o(n), 4207
4144 4208
s4s  and ng = ng(€e,) = o(1) so that the upper bound from (2) is Lyn(m + 1)ng = o(n). 1909
4146 Putting everything together, by Markov’s inequality, we have the desired result 1210
4147 2 n 4211
sup ST w07 ([ = 0] - 12 0)) | = 0 (1).
4149 pee | —Mm _ "= " g 4213
4150 4214
4151 Step 3.2. Next, we show that 4015
4152 9 n T 4216
sup > (uernl®) —pin @) ([ = F"O)] - w2 6))] = 0,().
4154 pco M — 1M i n n 4218
=m+7+L
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4265
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4277
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4279
4280
4281
4282

Observe that

i 2n S (st -wa0) (1 rm0] )
t=m-+7+L
Yo 23 a0 -wa 0] (12 - 70] - 0)
t=m+7+L

< <sup oy Hﬂt_L,Ae)—wzf(e)Hz)z

n—m
0€S t=m—+71+L

> I mon o))

2
sup
n—m
0€© t=m+7r+L

3) 2 -
< C|su ’
(968 n—m Z

t=m+7+L

1

2 2
fit-L.n(6) = W0 (0)| )

by (1) the triangle inequality and the Cauchy-Schwarz inequality, (2) the Cauchy-Schwarz inequality, (3) the triangle
inequality and the fact that the random features are bounded between —1 and 1, so we can upper bound this average
by some constant C' > 0, and (4) because this term was previously shown to be 0,(1) in Step 2.2 of the proof Eq. (25).
O

2.7. Auxiliary results. To begin, we derive the Lipschitz constant for the random Fourier features.

Lemma 1. The function ¢ = (1, ..., k) from Eq. (2) is Lipschitz with Lipschitz constant

1/2
k m+1 /

Lo= (Y > 0,0 [26]

i=1 j=1

Proof: For each coordinate i € [k] of ¢ = (¢1,..., @), we have, for z,y € Rm+1)xd,

pi() — @i(y)]

(1) m-+1 m—+1
= |[COS Z Qi,j . l‘j =+ (673 — COS Z Qi,j . yj —+ (67
j=1 j=1
@) |
<D0 Qs (z—yy)
j=1
(3) "L
< 192050 s — w5l
j=1
(4) mal ) 1/2 mal ) 1/2
< [ D019l >l — sl
j=1 j=1
o 1/2
6 < 5
< | Do Nl ) IIVee(z) = Vee(y)]l,
j=1

because (1) the definition of the random Fourier features ¢, (2) cosine is 1-Lipschitz, canceling the phase «;, and
linearity of sums and inner products, (3) the triangle inequality and the Cauchy-Schwarz inequality applied to each
inner product, (4) the Cauchy-Schwarz inequality applied to the sum of products, and (5) definition of the Euclidean
norm, which yields

1/2
m—+1 /

|pi(z) — @iy)| < Z 1920511 | [[Vee(z) = Vee(y)]l,
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4347 SO squaring both sides, summing over ¢ = 1,..., k, and taking square roots, yields 4411

4348 4412
4349 E m—+1 1/2 4413
5 2
@) = @l < {3032 190,07 | [IVee(a) — Vee(w)].
4351 i=1 j—1 4415
4352 4416
- O s
ForteN,i€N, jeNy, r=0,1,...,s, define
4355 4419
4356 ) ) ) T 4420
4357 2800 = (G D0, G ED 0] s
4358 T 4422
4359 (@) gy — | lr) () (@) () 4423
Zi50(0) = |G, 500, GEDED0)]
4361 4425
4362 where the definition of &, ;, ¢ € Z, is from Eq. (11). 1496
4363 The following result establishes that the time series of random features satisfies a physical dependence measure 4427
1364 condition, analogous to Assumption 7. 4428
jzzz Lemma 2. There exist ¥¥ > 0, ¥ > 2 such that, for some q¢¥ > 2, all j € Ng, alli € N, and allr =0,1,...,s, we iizz
4367 have 4431
4368 (i) = (ivr) o - _pe 4432
4369 sup sup HSD (Zt (0)) - ¥ (Zt,j (‘9))’ oo S U2 (jv1) ) 4433

. 0cO teN L£3% () ,
4370 ) 4434
4371 sup sup Hcp (Zt(m)(ﬁ))’ < we. 4435
4372 0€© teN L% (0) 4436
4373 4437
4374 . . . . . . . 4438
375 Proof: The result follows by the fact that ¢ is Lipschitz with Lipschitz constant L, from Eq. (26), the triangle 139
437 inequality and Minkowski inequality, and applying the bounds from Assumption 7. The same line of reasoning is used -
. in the proof of Theorem 2, so the details are omitted.

377 4441
4378 D 4442
1379 The following result presents Theorem 3.2 from (11) using our notation. 1443
4380 . . (7_) 4444
13s1  Lemma 3. (Law of Large Numbers (11)). For r = 0,1,...,s and 6 € ©, suppose a time series X; ’(0), a5
1;s2  t=1,...,n, is generated as 4446
1383 x70) =G (e, 0). 1447
4384 4448
4385 Suppose for alli € N and r =0,1,...,s, there exists a ¢ > 2, such that 4449
4386 4450
4387 sup sup HGEZ’T) (50,9)“ < oo. 4451
4388 PcO teN L3(6) 4452
4389 4453
4300  For some 2 < h < q < 00, define the physical dependence measure at time t and sample size n as 4454
4391 4455
4392 q\1/4q 4456
4393 nt(,njzg?h(e) =Ky (HG?’T) (5t, 9) - ng,r) (Et,ja Q)Hh) ' 4457
4394 4458
4395 There exists a constant C = C(q, h, ), such that for allr =0,1,...,s, 8 € O, and n € N, we have 4459
4396 4460
4397 ¢ q % 4461
4398 (r) (r) 4462
(20 x| (50 =[x |)
4400 =1 h ) 4464
4401 14 q q 4465
4402 - (Ee [max Z (ngn-)(et7 9) — Eo {ng,r) (e:, 0)}) ] ) 1466
4403 £<n 4467

t=1 h
4404 1 4468
4405 1_1 > i (n,r) ¢ 4469
4406 <Cn? Z (nt,j:q,h(o))q 4470
4407 J=1 \t=1 4471
4408 1 (n.r) 4472
4409 <Cn2 Zrtn?f 77t,j:q7h(0)a 4473
4410 =1 = 4474
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and in the special case of h = 2, the inequality may be improved to

<E9
:

<0 (An)iTi (Zmﬁzg?xmv) +oy ( ("%,
j=1

&

x| S (X7 0) - B [X70)])

]

i(cﬂ”” (e1,0) — By [Gg"’”(st,a)})

t=1

]

t=1

Proof: See the proof of Theorem 3.2 in (11).
Foru € [0,1],i €N, j €Ny, r=0,1,...,s, define

X : r i,T T !
Z{0(0) = [GED(ED,,0),.. . GEDE 0)]

(1,7 i, i,r) (=T T
2500 = [GEIED, .0, GEIED. 0]

"7n7]’

where the definition of &, ;, ¢ € Z, is from Eq. (11).

The next result shows that the time series of random features satisfies a physical dependence measure condition,

analogous to Assumption 15.

Lemma 4. There exist constants p¥ € (0,1), A¥ > 0, such that, for some ¢¥ > 2, all j € Ny, all i € N, and all

r=0,1,...,s, we have
17’)0)7 (2(177")9)‘ < AP(pf
sup su
sup sup le (z60®) —o (270)].. ., <270
sup sup an fo’” 0 ' < A%,
0€O ueo,1] ( ( )) L% (9)

),

Proof: The result follows by the fact that ¢ is Lipschitz with Lipschitz constant L, from Eq. (26), the triangle
The same line of reasoning is

inequality and Minkowski inequality, and applying the bounds from Assumption 15.

used in the proof of Theorem 5, so the details are omitted.

The following result establishes that the time series of random features satisfies a nonstationarity condition,

analogous to Assumption 16.

Lemma 5. For some ¢* > 2, some k% € [1,4), alli € N, and all T =0,1,...

o (7))

Proof: The result follows by the fact that ¢ is Lipschitz with Lipschitz constant L, from Eq. (26

also satisfies

sup sup
0€® uelo,1]

e o (2 (Z50@)),

< A7,

k¥ -var,L9% (0)

O

,S, the constant A¥ > 0 from Lemma /

), the triangle

inequality and Minkowski inequality, and applying the bounds from Assumption 16. The same line of reasoning is
used in the proof of Theorem 5, so the details are omitted.

For all times t = m + 1,...,

Lemma 6. There exist constants C¥ = C¥(p?,A?) > 0, K¥ = K¥(p?,A?) > 1 depending on the constants p? € (0,1),

n,

O

simulation indices » = 0,1,...,s, and parameter values # € ©, recall the r-th

random feature f, (T)( 0) at time ¢ based on 6 as in Eq. (3). The time series of random features satisfies a decaying
autocovariance condition, analogous to Proposition 1 from (12). For the following result, denote the trace norm of a

matrix A € RF¥F by A, = tr((ATA)%).

A? >0 from Lemmas 4 and 5 such that, for allt =m+1,...,n andr =0,...,s, we have

sup
6co

Hcov (2. 10 ))H“ < C¥(ts —t1] + 1)”

K¥

Proof: Lemma 4 states that, uniformly over the parameter values, the physical dependence measure of the time
series of random features decays exponentially. In particular, this implies a (slower) polynomial decay of the physical
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dependence measure of the random features as in Assumption A.2 of (12). That is, there exist constants A¥ =

A% (p¥,A%) > 0, K¥ = K¥(p¥,A®) > 1 such that, for some ¢¥ > 2, all j € Ny, all ¢ € N, and all r = 0,1,...,

have

ap s [0 (2670) - (2670)

0€0 uel0,1]

La%(0) —

< AP(j4+1)7K7.

s, we

Proposition 1 in (12) proves that a polynomial decay of the physical dependence measure is sufficient to imply a
decay of the trace norm of the autocovariance matrix of a time series. The same arguments used to prove Proposition

1 in (12) can be applied to the time series of random features for each parameter value, i.e. for all t = m +1,...,

r=0,...,s, and § € © we have

HCOV( ) 176 ))Htr < CP([t —ta] + 1)K

n,

Since the suprema over all § € © of the upper bounds are always finite, the ©-uniform inequality from the Lemma

hold by basic properties of the supremum.

O

The following result is Theorem 3.2 from (11) using our notation, which is possible because the triangle array

framework of (11) nests the locally stationary time series setting; see Examples 2 and 3 therein.

Lemma 7. (Law of Large Numbers (11)). For r = 0,1,...,s and 6 € O, suppose a time series Xt(r)(H),

t=1,...,n, is generated as
X7(0) = G (24, 0).

Suppose for allt € N andr =0,1,...,s, there exists a ¢ > 2, such that

sup sup HGS}’T) €9, 0 H < 0.
0€0© uel0,1] (€0,6) La(6)

For some 2 < h < q < 00, define the physical dependence measure at time t and sample size n as

) q\ 1/
nyn®) = Eo (|61 ) - 6D G0 )

There exists a constant C = C(q, h,0), such that for allT =0,1,...,5, 0 € ©, and n € N, we have

)

53 (65700 B [0

5 (x70) -5 [x0)])

Q=

<ot i3 ( <n§f;;;?h<e>>q)
t

5 (x70) -5 [x0)])

]

S (600 B [ 00)])

]

<o Amit (z<n;r;,;32 ) z( (150
j— t

=1

3

Proof: See the proof of Theorem 3.2 in (11).
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3. Additional experiments

3.1. Time-average estimator.

Gaussian model. For t =1,...,n, we observe

‘X?t = u + Et,

where each ¢ BN (0,1). The unknown parameter is p, so we use 2p + 1 = 3 random features. We aim to estimate

Mo = 0.5.

—— n =100
n =1000
True value

Fig. 5. Gaussian model. Density of parameter estimates using 2p 4+ 1 = 3 random features.

Moving average process. For t = 1, c.o.yn, We observe

Xi=p+ei_1+e,

where the noise inputs ¢; are sampled iid from the intractable g-and-k distribution. For more information about the
g-and-k distribution, see (13, 14). We set the location component to zero, the kurtosis component to 0.1, and the
c component to 0.8. The remaining components ¢ and g control the scale and skewness, respectively. We aim to

estimate
'Q[J() = 05, Ho = —3, g = 0.2, go = 0.1.
8 354 ol — n =100
] ] n = 1000
7 301 60 True value
6 ]
254 50 64
54
> 204 404
@ 44 44
[ 154 304
[a] 3
104 Y 204
24 ™ 4 29 P~
1 \\/\ | i \ \/\
0 0 0 0

00 02 04 06 08 10 ~320 ~3.15 3,10 —3.05 —3.00 —2.95 —2.90 —2.85
y M

012 014 016 018 020 022 024 0.26

[

0.1

Fig. 6. Moving average process. Density of parameter estimates using 2p + 1 = 9 random features.

Autoregressive process. For t = 1, ...,n, we observe

Xi =X 1 +9Y(p— Xi1) + e,

0.2

0.3

0.4

0.5

where the noise inputs ¢; are sampled iid from the intractable g-and-k distribution and the initial value Xy = 3 is
known, so the model may be viewed as a discretized version of a Lévy-driven Ornstein—Uhlenbeck process. We set
the location component to zero, the kurtosis component to 0.2, and ¢ component to 0.8. The remaining components
o and g control the scale and skewness. We aim to estimate

l/fo = 037 Mo = 27
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Fig. 7. Autoregressive process. Density of parameter estimates using 2p + 1 = 9 random features.

State-space model. For times t = 1,...,n, define the latent state by
Zy=Zy 1 +Y(p— Zy1) + 0cy,
where each &; id N(0,1). For dimensions j = 1,...,d = 25, we observe
X =7z, + 2,
where each §t(j) by N(0,1). We aim to estimate

Yo =025 0o=0.08, puo=25 Ao =0.05.

—— n =100
8 60+ 351 1004 n = 1000
True value
30
50
80
6 254
- 40
£ 20 604
G 44 304
° 13 40
1 '
L~ 20 104 |
2
10 s 20+ /\,/
0 0 0 0
00 01 02 03 04 05 06 0.000 0.025 0.050 0.075 0.100 0.125 0.150 240 245 250 255  2.60 0.00 0.02 0.04 0.06 0.08 0.10
y g u A

Fig. 8. State-space model. Density of parameter estimates using 2p + 1 = 9 random features.

3.2. Rolling-window estimator.

Structural time series model. We consider a two-dimensional structural time series model with cycles, trends, and an
abrupt change-point. For u € [0, 1], define

ZW () = pMu+ alys, + cos(2rfVu), 2P (u) = pPu — alys, +sin(2r8Pw).
Fort=1,...,n, we observe
Xt(l) = ZW(t/n) + U(l)egl), Xt(2) =Z(t/n) + 0(2)51(52),
where each 5,51), s§2> % N(0,1) and each o™, (®) > 0 controls the level of the noise. We aim to estimate

ap=18, 71=028 u’=-15 uP =04,
(U —28, P =28 of’=09, =00

4. Related work

We provide a selective overview of relevant strands of literature.
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Fig. 9. Structural time series model. Density of parameter estimates using 2p + 1 = 17 random features.

Simulation-based estimation in statistics. Classical simulation-based approaches include the method of simulated mo-
ments (15, 16) and indirect inference (17, 18); see (19) for an overview. (20) extends these ideas by introducing
the synthetic likelihood, which is based on the idea of treating user-chosen summary statistics as normally distributed.
The method from (20) first simulates many datasets across different parameter values and calculates the summary
statistics on each dataset. It then constructs a synthetic likelihood by estimating the mean and covariance of these
summary statistics. The parameter estimate is obtained by maximizing this synthetic likelihood. This work inspired
an entire literature on synthetic likelihoods (21).

(21) introduce the Bayesian synthetic likelihood approach, which assigns a prior distribution on the parameter
and uses Markov chain Monte Carlo methods to sample from the resulting posterior distribution of the parameter
conditional on the observed summary statistics. Approximate Bayesian computation is another well-established
Bayesian approach, which tries to approximate these posterior distributions by determining whether the simulated
summary statistics are below a user-chosen tolerance level (22-24).

Lastly, we point to comprehensive surveys on neural network-based methods. These methods replace the user-
chosen summary statistics with representations learned from simulated data—parameter pairs (25, 26). Overall, these
simulation-based methods share the idea of substituting unknown quantities with their simulated analogues.

Random features in machine learning. (27) originally proposed using random features to approximate kernel-based
predictors. Following up on this work, (28, 29) showed that smooth functions can be well-approximated by a linear
combination of randomly chosen basis functions. Since then, researchers have explored using random features for a
variety of statistical tasks, such as measuring dependence (30), testing for independence (31), and testing for conditional
independence (32).

Embeddings in nonlinear dynamics. (33) initiated the “geometry from a time series” research program, which seeks to
reconstruct the attractor of a deterministic dynamical system from an observed signal. They propose concatenating
a finite number of lags of the observed signal into a vector, known as a time-delay embedding, and analyzing the
resulting space. This idea inspired many subsequent developments in nonlinear dynamics (34).

(35) shows that the time-delay embedding space is topologically equivalent to the underlying p-dimensional state
space, once 2p+ 1 lags are used for the time-delay embedding. In fact, the minimal embedding dimension is often less,
and depends on the box-counting dimension of the attractor (5). (36) shows that a generic set of 2p + 1 experiments
suffices to distinguish two different p-dimensional parameters in analytically parametrized dynamical systems. (37, 38)
shows that only 2p+1 exact measurements at random times are needed for the observability of p-dimensional dynamical
systems.

The foundation of these 2p + 1 results is the classical Whitney embedding theorem (39). We use a probabilistic
version of this embedding theorem from (5) to establish the theoretical results for our estimators.

Limit theorems for stochastic processes. Although our theory is based on (extensions of) the physical dependence measure
of (1), numerous central limit theorems (CLTs) and laws of large numbers (LLNs) have been established under different
regularity conditions. We emphasize that the physical dependence measure conditions we use imply and are implied by
B-mixing and strong mixing conditions under certain regularity conditions (2, 3). In what follows, we review existing
CLTs and LLNs for mixing processes, mixingales, and Markov chains.
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Many CLTs and LLNs have been proven under mixing conditions, which control the decay of temporal dependence
so that observations far apart in time become asymptotically independent. For a comprehensive overview on CLTs for
strongly mixing processes; see (40) and Chapter 4 of (41). A seminal result by (42) showed that stationary processes
satisfying a strong mixing condition admit a CLT. Subsequently, (43) demonstrated stationary p-mixing processes

satisfy a CLT. Regarding LLNs for mixing processes, (44) and (45) proved strong LLNs for mixing processes (cf.

Chapter 3 of (41)).

We now discuss mixingales, which are a generalization of mixing processes and martingale difference sequences. (46,
47) introduced a CLT and LLN for mixingales. Chapter 2 of (48) discusses how martingale difference sequences,
strongly mixing sequences, and certain linear processes are all examples of mixingales. We also mention the

foundational work of (49), who developed a CLT for stationary processes using a martingale approximation technique.

Next, we discuss Markov chains. (50) provides sufficient conditions for a CLT to hold for Markov chains, and also
discusses relationships to results for mixing processes. (51) prove a CLT for reversible Markov chains with a finite
limiting variance. (52) provide a CLT for iterated random functions; see (53). Regarding LLNs, (54) shows that a
strong LLN holds for Markov chains. For more discussion of CLTs and LLNs for geometrically ergodic Markov chains;
see Chapter 17 of (55).
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